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BLOW-UP OF THE CRITICAL SOBOLEV NORM FOR 
NONSCATTERING RADIAL SOLUTIONS OF SUPERCRITICAL 
WAVE EQUATIONS ON 


THOMAS DUYCKAERTS^ AND TRISTAN ROY^ 


Abstract. We consider the wave equation in space dimension 3, with an 
energy-supercritical nonlinearity which can be either focusing or defocusing. 
For any radial solution of the equation, with positive maximal time of existence 
T, we prove that one of the following holds: (i) the norm of the solution in the 
critical Sobolev space goes to infinity as t goes to T, or (ii) T is infinite and 
the solution scatters to a linear solution forward in time. We use a variant 
of the channel of energy method, relying on a generalized LP-energy which is 
almost conserved by the fiow of the radial linear wave equation. 
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1. Introduction 

In many recent works, global existence and scattering for solutions of a super¬ 
critical dispersive equation were proved assuming that an appropriate critical norm 
remains bounded close to the maximal time of existence. The goal of this article is 
to prove, in a specific case, a slightly stronger result, namely that it is sufficient to 
assume the boundedness of the critical norm only along a sequence of times going to 
the time of existence. More precisely, we consider the supercritical wave equation 
in space dimension 3: 

(1.1) dttw — Aw = l\w\^~^w, (t,x)€/xR^, 

with real-valued initial data 

(1.2) w{0,x) := wo{x) € dtw{0,x) := wi{x) € 

where {t,x) Six I is an interval such that Og/cM, p>5, 6 = -1-1 
(focusing case) or t = — 1 (defocusing case), Sc is the critical Sobolev exponent, i.e 
Sc = I — and iL'’“(R^) is the usual homogeneous Sobolev space. 

Equation (HH) is locally well-posed in iL'’‘=(R^) x ^(R^): for any initial data 
{wo,wi), there exists a solution 

w := {w,dtw) G C'°((r_(w),T+(w)),iL"‘=(R3) x ^"“-^(R^)) 

defined on a maximal interval of existence {T-{w),T+{w)) that satisfies (II.IL (11.21) 
in the Duhamel sense, and is unique in a natural class of functions. It has the 
following scaling invariance: if A > 0 and n; is a solution, then wx^ defined by 

2 

wx{t,x) := w{Xt, Xx) 

is also a solution of dm), with maximal interval of existence (A' ^T-{w),X ^T+{w)), 
that satisfies 

(1.3) II^a(0)||^sc(R3)xHOc- 1(R3) = II(WI0, W^l)|lij->!e(R3)xH>ic-l(R3) • 

With the additional assumption {wo,Wi) G x A^(R^), the energy 

E{w{t)):=^ ( \'\/w{t,x)\'^ dxf \dtw{t,x)\^ dx — L—f \w{t, x)\^'^^ dx 
2 7r3 2 Jr3 p -I- 1 Jr3 

is well-defined for all t and independent of time. The assumption p > 5 is equivalent 
to Sc > 1: the equation is energy-supercritical, and the energy has little utility in 
the study of global well-posedness or related properties. 
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Our goal is to classify the solutions of (HU) according to their dynamics. The 
solution w is said to scatter forward in time if r+(w) = +oo and if there exists a 
solution icl of the linear wave equation 

(1.4) dttW-L - Aujl = 0 
such that 

(1.5) ^ hm^ \\wLit) - w(t)||^«„(R3)>,*.,-i(K3) = 0. 

It was proved in m in the defocusing case that radial solutions of (HU that 
are bounded in the critical space scatter. More precisely, for any solution of HU, 
HU with L = —1, and radial initial data {wo,wi) 

(1.6) limsup ||w(t)||^se/R 3 )xiL*c-i(R 3 ) < oo w scatters forward in time. 

This was later extended to the nonradial, defocusing case in [23], and the radial, 
focusing case in [TU] (see also m.m.m in higher dimensions). Note that it follows 
from the scaling invariance of the equation and HU that it is impossible to give a 
lower a priori bound of T+{w) only in terms of the i(f®'=(K^) x i7®'=“^(K^)-norm of 
{wo,wi): in particular, even the implication 

limsup ||w(0lld'»c(R3)xd'»c-i(K3) < oo ^ T+{w) = +oo, 

t^T+{w) ^ ^ ' 

weaker than HU, does not follow from the local Cauchy theory for equation HU- 
In this paper, we improve HU in the radial case: 

Theorem 1.1. Assume p > 5. Let w be a solution of HU with radial data 
{wo,wi) € X Then: 

• either 

(1.7) lim Jl(w(t),9iw(t))||fl-.c(R3)xff-c-i(R3) =+00 

• or T+[w) = +00 and w scatters forward in time. 

An analogous statement holds for negative times. 

Note that Theorem 11.11 is equivalent to (HU, with the limit superior replaced 
by a limit inferior. We do not know any direct application of this qualitative 
improvement, however its analog in the case p = 5, (. = 1 is crucial in the proof of 
the soliton resolution conjecture for the energy-critical wave equation in |8]. 

Theorem 11.11 means exactly that solutions of HU are of one of the following 
three types: scattering solutions, solutions blowing-up in finite time with a critical 
norm going to infinity at the maximal time of existence, and global solutions with 
a critical norm going to infinity for infinite times. 

In the defocusing case (. = — 1, it is conjectured that all solutions of HU with 
initial data in the critical space i7®'= x scatter. The difficulty of this conjecture 

is of course the lack of conservation law at the level of regularity of this critical space. 
The only supercritical dispersive equations for which scattering was proved for all 
solutions are wave and Schrodinger equations with defocusing barely supercritical 
nonlinearities: see e.g [551 lUl 1331133] 

^In |28| the scattering with data in := ClH^ (M.^) is not explicitely mentionned. However, 
it can be easily derived from the finite bounds of the (K, Llf) norm and the L^(R, H"^) norm 
of the solution, by using a similar argument to that in m to prove scattering. 
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In the focusing case i = 1, solutions blowing up in finite time are known. One 
type of finite time blow-up is given by the ODE y" = and is believed to 

be stable: see [SllS] for stability inside the wave cone. For large space dimensions 
(> 11) and large p, “geometric” blow-up solutions, based on a stationary solution of 
(HU which is not in are obtained in [3] . These solutions belong to the critical 
space X and satisfy JIU, however all subcritical Sobolev norms remain 

bounded. 

It is not known if there exist global solutions of (EH satisfying (HU. This type 
of solution is excluded in the energy-critical case p = 5 in [8] using conservation 
of energy and a monotonicity formula, two tools that are not available in the case 
p > 5. Let us mention the construction, in the case p = 7, of a solution w of dD, 
with initial data (wo,wi) which does not belong to 77®° x 77®'=“^ but is in all higher 
order Sobolev spaces 77® x 77®“^, s > Sc- 

Conditional global well-posedness results similar to (11.61) are also known for other 
type of equations: radial wave equations with energy-subcritical nonlinearities (see 
[22])) defocusing Schrddinger equations (see [TH] for cubic nonlinearity in space 
dimension 3 and [24] for supercritical nonlinearities in large space dimensions). In 
m, a lower bound of the critical norm (of the form | log(r_|_ — f)|®) is obtained for 
finite energy, radial solutions of focusing energy-subcritical nonlinear Schrodinger 
equations blowing-up in finite time T^. This can be seen as a quantitative version 
of Theorem 11.11 restricted to finite time blow-up solutions, and in a subcritical 
context. Except for this work we do not know any result of the type of Theorem 
o for dispersive equations. 

Results in the same spirit than (11.61) for the Navier-Stokes equation are known 
since [16] , where it is proved that an a priori bound of the scale-invariant 7^-norm 
implies global well-posedness and regularity. We refer to [17], [11] and [12], for 
related statements with proofs based on profile decomposition. In [31] . it is proved 
that blow-up in finite time implies that the 7^-norm goes to infinity, which might 
be seen as an analog of Theorem 1 1.1 1 for Navier-Stokes equation. 

The proof of Theorem ll.ll relies on the channel of energy method initiated in [Hi 
to study the radial focusing energy-critical wave equation. In [8], this method was 
used to get the resolution into solitons for any radial solution of the equation that 
does not satisfy (HU with Sc = 1. It is based on the observation that the exterior 
energy of any nonzero, finite-energy solution wi of the linear wave equation (HU 
satisfies a lower bound. Namely, for some p, tq > 0 

(1.8) Vt > 0 or Vt < 0, I \VwL{t)\'^ + \dtWL{t)f dx > rj. 

J |a;|>ro-|-|t| 

A key step in the proof is the characterization of all (global) solutions of the non¬ 
linear equation that do not satisfy the preceding dispersive property, i.e. such that 

(1.9) Vro > 0, liminf [ \Vw{t)\‘^ + \dtw{t)\'^ dx = 0. 

J\x\>ro+\t\ 

This rigidity result is then used to determine the profiles in a profile decomposition 
for a bounded sequence {w{tn)}m T+iw)- 

The exterior energy appearing in (II. 8|) is not invariant by the scaling of (|1.1D and 
not well-defined for solutions with initial data in 77®' x 77®'“^ in the supercritical 
range p > 5. It is tempting to replace, in (11.81) wl by 77®'to obtain a scale 
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invariant quantity, however this would lose the local character of the norm which is 
crucial when using finite speed of propagation for equation (HU. The main novelty 
of this article is to replace the standard energy of the linear wave equation by a 
generalized energy which is local and invariant by the scaling of (HU. Namely, if 
TO > 2, and Wl is a radial solution to the wave equation, we define its L'"-generalized 
energy by: 

nOO 

Emit) = Em[wL]it) = / |9r(™L(^,r))P + |9r (™L (t, r)) P dr. 

Jo 

Then Em is almost conserved by the linear flow: their exists a constant C > 0, 
depending only on to such that 

Vt, C-^EmiO) < Emit) < CEmiO). 

Furthermore, for to = Em is well-defined if (wqjWi) G x 

and is invariant by the scaling of HU- Finally, it is possible to prove an exterior 

energy property similar to (11.81) for the generalized energy. 

The proof of Theorem 11.11 follows the lines of the proof of [8] (using also some 
of the arguments of m, specific to the supercritical wave equation), replacing the 
usual energy by the generalized energy Em- The main obstruction to the exterior 
energy property for the nonlinear equation is the existence of a nonzero radial 
stationary solution. In the energy-critical case, this solution belongs to the space 
is of order 1/r for large r, and unique up to scaling and sign change. In 
the supercritical case, there is no solution in the critical space ^^“(IR^), but there 
exist singular stationary solutions of the same order 1/r for large r (see HO] for the 
focusing case and Proposition 12.41 below for the defocusing case). 

The outline of the article is as follows: after some preliminaires on equation 
(11.11) (Section [2]) we define, and give some properties of generalized energies for the 
radial linear wave equation (Section [Sj. In Section |4l we prove lower bound for the 
exterior (generalized) energy of nonzero solutions of (jl.l|) . Section [5] gives the proof 
of Theorem 1 1.1 1 in the global case. Section [6] concerns the finite time blow-up case. 
We start with some notation. 

Acknowledgments. The first author would like to thank Pierre-Gilles Lemarie- 
Rieusset for references on Navier-Stokes. 

Notation. If a and b are two positive quantities we will write a ^ b when there 
exists a constant C > 0 (which depends only on p) such that a < Cb. When the 
constant is allowed to depend on another quantity M, we will write a b. We 
will write a k, b when a "^b and b < a. We will write a <^b (resp. a ^ 6) if there 
exists a large constant C > 0 such that b > Ca (resp. a > Cb). 

If / is a function depending on t and r := |x|, let 

f ■■={/. dtf). 

Given /i,...,/Ar N functions depending on t and r, and F a map, let 

F {dr.tfl, ..., drM ■■= F (drfl, ..., d./v) + F {Otfl, -dtfN) - 

Given s > 0 and n a positive integer, we define 

?/"(]&”) := ij'*(M”) X ij®-^(M”), 
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where H’^ denotes the standard homogeous Sobolev space. 

To lighten the notation, if n = 3, then we will write instead of and 

we will proceed similarly for the other spaces that we use in this paper, such as 
etc... We let L^{I,L%) be the space of measurable functions / on / x 
such that 

< oo. 




In all the paper, we let 


p-l 


Hence Sc = i —-■ 

^ 2 m 


Let X be a radial smooth function such that 

X{\x\) = 1, |x| > i 


Xi\x\) = 0, |x| < 4 - 

Given i? > 0, we denote by xr(x) := x (■^)- Euclidean ball of 


Br = {xG 

We denote by Tr the operator 

/ ^TrU)- 

Let S(t) denote the linear propagator, i.e 


: |a;| < R} . 

/(i?), 1x1 < R 
fi\x\), \x\ > R. 


S{t){wo,wi) := cos {tD)wo + D = y/-A. 


The notation x is defined in Subsection l2.3.1l 


Assumption: In this paper we consider only radial functions, i.e functions depending 
on r := |x| with | • | denoting the Euclidean norm on R^. 0 

2. Preliminaries 

We recall in this section some facts about local well-posedness, singular statio¬ 
nary solutions of dm and profile decomposition. 

2.1. Local well-posedness. We recall a local-wellposedness result: 

Proposition 2.1. (see for example [19]^ There exists (5o "C 1 and Cq » 1 with the 
following properties. Let Wq G . Then 

• if an open interval I containing 0 satisfies 
( 2 . 1 ) < ^ 0 , 
then there exists a unique solution 

wGC(^I, , 

^Hence, if we write for instance / G , then we do not only assume that / lies in but 

also that / is radial. 
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of {Tip with initial data w{0) := wq such that 


\w 




ID® 


^ w 




• if ||w^||^se ^ ^ then i2.1\} is satisfied with I = M., w is global, scatters, 
and 


max I 


ID® 


^ w\ 


Lf(R.Lt)’ 


<<5, 


O’ 


The proof is based upon the Strichartz estimates (see for example [HISS]): 


( 2 . 2 ) 


ID® 






ID® 


^F\\ 


LfihLif 


< Mll«^ 

for any solution of d^w — Aw = F with initial data wq. 

Remark 2.2. (a) More generally, if an I is an interval containing to S K 

satisfies ||S'(t — to)u^||L4™(/,L4m) < So, then there exists a unique solution 

w&c{l,W-^ of m with w{to) '■= Wq that satisfies the same conclusions 
as Provosition \2.1[ 

(b) This allows to define the maximal interval of existence 

Imax{w) := (T_(w),r+(w)) , 

i. e the union of all the open intervals J containing to for which there exists 
a solution v of / ft.til with the same initial data such that v G 
||D®‘=-5u||i4(j.i4) < oo and ||u||i4m(j_i4m) < oo. 

(c) Let us also mention the following standard scattering criterion: if 

ll^llLf"“([io,T+(u;)),Lj™) < OO, 
then T+ (w) = +oo and w scatters forward in time. 

We next recall a local well-posedness result, in for an equation that is derived 
from (nm (see [To], Lemma 3.3). 

Proposition 2.3. There exists (5i > 0 with the following property. Let i? > 0. Let 
I be an interval with 0 G I, V G Lj™(/,L^’”), and ho G fC such that 

(2.3) l|T^y^T^llLj(7,L4) < l|T^llLf'"(7.L^'>’‘) < SiVR” 

(2.4) ll^ll^i <<51^]?^. 

Then the equation: 

duh -Ah = |P + XRh\^-\V + XRh) - |F|P-1P 

h(0) := hi, 

has a unique solution h such that 

hGLt{I,Ll), D)J^hGL\{l,L\), hGC\l,iC). 
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Furthermore 


sup 

te/ 


h{t) - S{t)J^o{t) 








If V = 0; one can take J = M and the preceding estimate can be upgraded to: 


sup 


h{t) - S{t)hi{t) 


< 


1 










2.2. Stationary solutions. We next state a result regarding some singular sta¬ 
tionary solutions of (HH): 


Proposition 2.4. Let £ G R — {0}. There exists Ri > 0 and a solution of 

(2.5) +i\Zi\P-^Zi = Q on p, {| 2 .| > 
such that 

(2.6) \rZi,{r) - ^\< I, r>l 

(2.7) lim ^ 

1 —>-oo dr 

Furthermore 

• if i = -|-1 (focusing nonlinearity), Ri = 0 and Zi ^ 

• if i = —1 (defocusing nonlinearity), Rg > 0 and 

(2.8) lim \Z£{r)\ = -|-oo. 

r^Rl 


Proof. The case of a focusing nonlinearity t = 1 is treated in [TOl Proposition 3.2], 
and we will only consider a defocusing nonlinearity t = — 1. 

In this case, the existence of a solution Zg defined for large r and satisfying 
(12.511 (for large r), (12.611 and (12.711 follows also from the proof of Proposition 3.2 of 
m- Let {Re, -l-oo) be the maximal interval of existence of Ze, as a solution of the 
ordinary differential equation (in the r variable): 

Z'lF-Z)-\Zef‘-^Ze = t). 

r 

We now prove that Re > 0. We assume ^ > 0 to fix ideas and argue by contradiction. 
Assume Re = 0. Let h{s) = Ze{l/s), s G (0,oo). Then h is a solution of 

(2.9) r'(s) = ^|/i(s)P“^/i(s), s > 0 

s'* 

that satisfies (by (12.6L (I2.7ll i: 


lim 

s —>-0 


h(s) 




lim h'(s) = i. 


By dm. 


lim 


h!'{s) 


s^O sP-4 ’ 

and thus h"{s) > 0 for small positive s. Combining these estimates with equation 
(1^ and a simple bootstrap argument we obtain: 


(2.10) Vs > 0, h"{s) > 0, h'{s) > h{s) > ^s. 

We next prove by induction: 


(2.11) Vn > 1, 3c„ >0, Vs > 0, h(s) > Cns". 
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Indeed, (I2.11|) holds for n = 1. Assuming that it holds for some n > 1, we obtain 
by dlSl) 

h"{s) > 

Integrating twice between 0 and s, we deduce h{s) > which yields (12.1111 

at rank n + 1, since pn — 2>5n — 2>n+l. 

Let 

Then F'{s) = By (12.111) . hms_j.oo F{s) = +oo. It follows that for large 


h'{s) > 


2 h^{s) ^ 1 , 2 , ^ 

—TT-5— > 77^ (sb 

p+i C 


by (I2.11|) again. Hence for large s, 


ds h(s) - 

a contradiction with the fact that h is positive and defined on (0,oo). 

By the standard blow-up criterion \Zi{r)\ + \Z^(r)\ oo. Notice that since Z^ 

decreases, this means that Z^(r) has a limit as r —^ But this limit cannot be 

finite. If not this would imply by (12.91) that is bounded, which is not possible. 
Hence (12.81) holds. □ 


Remark 2.5. Note that 

Zi{Xr) 

is a stationary solution of cny, defined for r > ^, and sueh that 

X^Zi{Xr) ~ X^-^- = aI^- 

r r 

as r ^ oo. By uniqueness in the fixed point defining Zi (see the proof of Proposition 
3.2 in [To];, ifl>Q, 

Z^(r) = A5^Zi(Ar), Rt = ^, A:=r?^, 

A 

and ifi<0, 

Zg{r) =-X^ Zi{Xr), Ri = ^, A:=|£|“5=3. 

A 

Remark 2.6. We will often linearize equation E2P around the singular solution 
Zi, and use Proposition \2.4\ To make this possible we will need the following 
estimates about two potentials obtained from Z\ by truncation (x andFn are defined 
in the notations given at the end of the introduction): 

(a) Let V := FrZi, R > Ri. Then there exists 9 := 0{R) > 0 such that V, 
I = [—0,0] satisfy the assumptions of Provosition l273l 

(b) Let Si > Ri be a large parameter, and 

Then V satisfies the assumptions of Provosition 12731 with / = R. 

If i? > 0, we will denote by zr the solution with initial data {TrZi,Q). Then we 
have the following: 
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Lemma 2.7. (a) There exists pz > such that, if R > pz, zr is global and 

scatters in both time directions. 

(b) For p > 0, denote by 

Op := inf T+{zr) G [0,oo]. 

R>p 

Then Op is a strictly positive, nondecreasing function of p. 

Proof. Point (jaj) follows from the small data theory and Result IB.31 

The fact that 9p is nondecreasing follows immediately from the definition. The 
positivity of 0p is obvious ii p > pz- in this case 9p = +oo. If p < pz, we have: 

■= inf T+{zr). 

p<R<pz 

Since 

{(zr(0),0), p<R<pz} 

is a compact subset of H®”, the result follows from the Cauchy theory. □ 

2.3. Profile decomposition. 


2.3.1. Definition. Throughout the manuscript, we constantly use the profile decom¬ 
position of a bounded sequence {(wo,n, ini,n)}neN in 7:^®“. Adapting the proof of [I], 
there exists a subsequence of {(wo.n, 'ici,n)}neN (still denoted by {(wo,n, wi,n)}neN) 

such that for all j > 1, there exist sequences {fj>}nGN 7 {co nlneN with 

> 0, tj^n S M, and Cq „ G 77®“ such that: 


(2.12) j ^ k 

and for all J > 1 
{wo,n,Wi^n)ix) = 


hm ^ 

rn-oo Afc „ 





A, 


A, 






with Wl{t) := S{t){W^,Wl) and 

(2.13) lim limsup ||e;(||L4m(R_i4m) = 0 

J—¥00 Yi — 

(Here eiit) := 5(t)e^„). 

We say that {(wo.n, wi,n)}„eN has a profile decomposition f^l,{{tj^n, Aj.n)}^^^] 

with profiles {lPL}j>i and parameters {{(Aj,n 7 and that ^ is the 
remainder. 

Let WL.nit) := S(t){wo^n,wi,n)- The profiles satisfy, for all j, J > 1, 


(2.14) 

(2.15) j<J 


i _|_1 


(WgMP/), 


0, 


3>1 
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and 


(2.16) II ('R'O.n, R'l,n)||^so ~ ^ ^ 

i=i 


J ^ ^ 2 

W/ ( 




+ Iko.nll^^c + On(l). 


Translating in time and rescaling ITf), and extracting a subsequence, we may assume 

t. 


(2.17) 


Vj > 1, lim — = ±oo or Vn, tj^n = 0. 

n^oo „ 


Recall that it possible, assuming (12.171) . to construct a solution of (II.1|) that 
satisfies 


(2.18) 


lim 

n—^co 


) - Wl ( 

^j,n J \ ^j,n 


= 0 . 




See for example m- Such a construction is unique and we say that is the nonlin¬ 
ear profile associated to Wl and {(tj,n, HGcall that if lim„_^oo = oo 

(resp. —oo) and {s„}„gN is a sequence such that lim„_>oo Sn = oo ( resp. —oo) 
then 


(2.19) 


H^'(s„)-Wf((s„) 


= 0 . 




We also denote by (resp. 11 ^l„) the normalized nonlinear profile (resp. the 
normalized linear profile), i.e 


( 2 . 20 ) 

( 2 . 21 ) 


\ P-1 \ '^j,n 

^p-1 \ Aj,„ 


If {(luo.n, ici.n)}neN IS a bounded sequence in 'H^'=, we will write: 

( 2 . 22 ) ’ 

(wo.n,wi,„) X ^ I^^Wl I > 

\ j,n j,n / 

when {(wo,n,'R'i,n)}neN has a profile decomposition with profiles {Wl}j and pa¬ 
rameters {(Aj,„,tj,„)„gN}j>i. We will often shorten ()2.22p into 

(wO,n,LCl,n) - E^(o). 
j>i 

If moreover {pn}n is a sequence of positive numbers, we will write 
(2.23) (wo,n,i«i.n) x E^(0)’ N>^- 

j>i 

when there exists a sequence {(ico,™, d;i_„)}„gN, bounded in 77®“= such that 

(u;o.n,wii,n) - E^(o)> 

j>i 
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and for all n, 


(uio,n,R'l,n)(T) = (wo,n,m,n)(r), |a;| > 


2.3.2. Approximation by nonlinear profiles. The next proposition states that under 
suitable assumptions, the solution Wn of HH) with initial data wo,n can be well- 
approximated, for large n, by sum of the nonlinear profiles. We omit the proof, 
which is close to the proof of the main theorem in [1], using the perturbation 
theorem in Section 2 of m- 

Proposition 2.8. Let {wo,n}nGN be a bounded sequence in 1-1“° that has a profile 
decomposition {Wf, (tj^n, ^j,n)n}j>i- Let be a sequence such that £ 

[0,oo). Assume that for all j, the nonlinear profile W-^ scatters forward in time or: 

(2.24) limsup < T+{W^). 

n—¥oo 

Let Wn be the solution of with data uff^. Then for n ^ 1, Wn is defined on 

[0,0n], 

limsup < oo, 

n—^oo 

and 


(2.25) VtG[0,6»„], Wn{t,x) ='^W^{t,x)+ei{t,x)+ r:^{t,x), 

i=i 


with 


lim 

J—^CO 


lim sup ( \\Xn\\ {{0,6n) T ll^n II 


= 0 . 


A similar conclusion holds if On G (~oo,0] for all n, and, for all j, W-^ scatters 
backward in time or 


(2.26) 


lim inf > T_(W^). 

rn-oo 


Remark 2.9. Under the assumptions of Proposition\2f^ we can deduce from Ii2.25\) 
and after extraction of a subsequence, a profile decomposition ofwn{0n). 

Let Sj^n ■= tj^n — On- By « diagonal extraction argument, we can assume that for 
all j > 1, the following limit exists: 

(2.27) lim £ [—oo,-|-oo] 

n->oo Xjn 


For j > 1, we have 


where 


lim 

n—>-oo 


{On) - P/;„(0) 


= 0 , 




\ P—1 \ 

and Vf is the only solution of the linear wave equation that satisfies 


lim 

n—fco 




—s 


^j,n 


"'-n, , 


'3,n 


•3,n 


= 0. 


H‘ 


(The existence and uniqueness of Vl follows from {2.2'T(.) 
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One easily checks that if j, k >1, j k, 


lim 

n—¥oo 


1 

log 


At. 


^k,n 


At. 


= lim 


1 Ain 
log 


At. 


lj,n 


At. 


= + 00 . 


Finally, the conclusion of Proposition \2fM implies 

Wnidn) ^L.n(Si)- 

J>1 


Let us conclude this section by giving a version of Proposition 12.81 and Remark 
12.91 outside a ball that is a direct consequence of the finite speed of propagation; 

Proposition 2.10. Let {wo,n}n be o, bounded sequence in and {pn}n be a 
sequence of positive numbers. For all n, denote by Wn the solution of fnp with 
initial data wo^n and letOn G [0,T.^(wn)). Assume that there exist profiles {LPi}j>i 
and parameters {i^j,n,tj^n)n}j such that 

X ^ LP/,„(0), |a:| > pn, 

j>i 

and that satisfy the assumptions of Proposition \2.8[ Then 

R’n(^n) 'y ^ ^|n(0)i 1^1 ^ Pn + 

1>1 


where the modulated linear profiles are as in Remark \2.9\ 
An analogous statement holds for negative times. 


Proposition 12.101 follows readily from Proposition 12.81 Remark 12.91 and finite 
speed of propagation. 


3. Generalized energies for the linear equation 

3.1. Definition. Recall that m = and that all the functions are implicitely 
assumed to be radial in the space variable. 


Definition 3.1. Let wl be a solution of the linear wave equation 

j dttWL - Awl = 0 

I Wl{ 0) ■= {wo,wi) 


(3.1) 


The L^-generalized energy (in brief L™-energyJ ofwi is the time-dependent quan¬ 
tity: 

pCO 

Em[wL]{t) = / \dr{rwL)\'^ + dr. 

Jo 


Note that the L^-generalized energy is (up to a multiplicative constant) the 
standard energy of Wl, which is well-defined, and independent of t, if {wo,wi) G TE. 
In this section, we will prove that the L^-generalized energy is well defined if 
(wo, Wl) G and is almost conserved with time, in the sense that the L^-energy 
of a solution at any time is comparable to the energy at t = 0. We will also prove 
a lower bound for the exterior generalized energy outside a wave cone, analog to 
the exterior energy estimate used to classify solutions of the energy-critical wave 
equation (see [71 Lemma 4.2]). 
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3.2. Preliminary estimates. 

Lemma 3.2. If (j) G then G L™, and 

(3.2) 

If 4> G ij®”, then r^~mdj.(j) G L™, r~^(f> G L™, 4> G and 

(3.3) 


and 

(3.4) 


ll</'ll 


L3" 


< 


Proof. Estimates (j3.2l) and (13.31) are given by Lemma 3.2 of m- 

It remains to prove (13.41) . We start with the bound of the norm of r in L"*. 

For further use we will prove a slightly more general estimate. By density, we can 
assume if G . Let i? > 0. An integration by parts gives: 

poo poo poo 

- / |(/)(r)r dr - \(l>{R)rR = / rdrm^) dr = m rdr^cj^r-^ dr. 

Jr Jr Jr 

By Holder’s inequality, 

1 m-l 

poo 

R\cj,{R)r+ \cfrdr 

JR 


< m 


r”^\dr(l)rdr 


' R 


\f)rdr 


’R 


Combining with Young’s inequality 
(3.5) 

we obtain 


ab<-icar + -— -ib/c)-’ 
m m 


-1, a,b,c> 0, 


(3.6) 


pOO 

Icfr dr + R\cl){R)r < r"^\dr(frdr. 

JR 


Letting R = 0, we obtain the bound of the first term of the left-hand side in (13.41) . 
We next prove the other bound in (13.41) . By the critical Sobolev inequality, 




Il6 


< 




L2 


By Holder inequality, and using that |5r|(/)|| = \dr(l)\ on the set {(f ^ 0}, we deduce 




L3" 


< 


dr(j)\(t>\' 


< 


L2 


. 1 - — 


dr 4) 






'dr4> 


and the result follows, using the bound of the first term of the left-hand side in 

(ISa . □ 

Lemma 3.3. Let R G [0,oo). Then for all f) G , 


(3.7) 


poo 

/ Adrf>? 

JR 


dr = 


IR 


and for all (j) G 77®°, 

r + oo 

(3.8) 

JR 


r^\drf>rdr'. 


|9r(r0)p dr + i?|^(i?)p. 


\drirf))rdr + R\^{R)r. 
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Remark 3.4. (a) Notation: if R := 0 then R\(j){R)\'^ := 0 and := 0. 

(b) Note that is well-defined for R > 0 since (j) £ is a continuous 

function of the radial variable outside the origin. 

Proof. The proof of (13.71) is straightforward and therefore omitted. 

We prove (13.81) . By density we can assume (f G C°°. 

Proof of the estimate >. 


poo poo poo poo 

/ \dr{r(t>)\^ dr = / \(l) + rdrcj^r dr < / |(/.r dr + / I^^^Pr'^dr, 

JR JR JR Jr 

Combining with the estimate (13.61) in the proof of Lemma 13.21 we obtain 

p-\-oo poo 

/ r’^ldrcfr dr > / |a^(r(/.)rdr + i?|(^(i?)r. 

Jr Jr 


Proof of the estimate <. In view of 

poo poo poo 

Idrcfrr"^ dr = / Idrircf) - cfr dr < / |9^(r^)rdr+ / dr, 

JR Jr Jr 


JR JR 

we are reduced to prove 


(3.9) 

For this, we write 


/ li/^rdr + / \dr{r<l))r dr. 

Ir Jr 


I'ca 1 ^oo 1 

/ dr{r(t>)(t)\(t)Y^-^ dr = — I dr{\r(t>\'^)-^dr 

Jr m jh r 


m-1 
m JR 


pOO TO 

Jr m 


By Holder’s inequality, we obtain 


r \<fr dr < -\(fiR)r + ( r \drir<f)r drY ( Ylebrdr 

m Jr m \Jr J \Jr 

which yields (13.91) using Young’s inequality (13.51) . 


□ 


Remark 3.5. By Lemma \8.‘A we see that Em\wi\{t) is well defined if the initial 
data {wo,wi) is in R®'. By Lemma [X21 

poo poo 

Em[wL]{t)f^ r'-^\drWL{t,r)r dr + r^\dtWL{t,r)r dr. 

Jo Jo 
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3.3. Almost conservation of the generalized energy. 

Lemma 3.6. Let Wi be a solution of the linear wave equation, and E,ji(t) = 
Emlwilit) be the L"^-energy given by DeRnition \3. 11 Then 

(3.10) Vt e K, Emit) EmiO). 


Proof. Notice that if Wl is the solution of the linear wave equation with data 
iwo,wi) € then there exists / € such that / € L'"(R) and 

(3.11) rwi^it,r) = fit-\-r) - fit-r) 


More precisely, if r > 0, 

/(^) = ^ {drirwo)ir) + rwi (r)) , 
fi-r) = ^{drirwQ)ir) - rwi(r)), 


and 


/(s) 


s > 0 : iswo(s) + ^ J^{(TWi){a) da 
s < 0 : ^swo{—s) + ^ /q *(crwi)(cr) da. 


These statements are derived from the equation dtt{rw\f) — drrirw\f) = 0 and Lemma 


Hence, for t e R, using \a + 6|™ + |a - 6|™ Ri |a|™ + |6|™, (a, b) e 

nOO 

Emit) = / |/(t + r) + fit -r)r + \fit + r) - /(t - r)r dr 


r-\-oo 


\fir)rdr, 


^ \fit + r)r + \fit-r)rdr^ 

Jo J — oo 

which is independent of t. This concludes the proof of (13.1011 . 

3.4. Bound from below of the exterior generalized energy. 


□ 


Lemma 3.7. Let Wl he a solution of the linear wave equation, with initial data in 
7^®“ and i? > 0. Let 

pOO 


Then 

(3.12) 


pOO 

Em.nit) ■■= / idtirwi))"" + idrirwi))"" dr. 

J i?+|i| 

Em,nit) ^ Em,niO), for all t > 0 or for all t < 0. 


Remark 3.8. Lemma \S.T\ is already known in the energy-critical case Sc = 1, 
m = 2. More precisely, for finite energy solutions of the linear wave equation (see 

h;-' 


E 2 ,Rit) > -£' 2 ,_r( 0 ). 


for all t > 0 or for all t < 0. 
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Proof. With the notations of the previous proof, we have 


E^Mt) = / \f{t + r) + fit - r)r dr + / |/(t + r) - fit - r)r dr 

pOO 

^ / \fit + r)r + \fit-r)rdr. 

J I 

Denoting by Em,Rir) the quantity appearing at the last line of the previous in¬ 
equality, we will prove 

(3.13) Em.nit) > ^Em,niO), for alH > 0 or for all t < 0, 

which will conclude the proof of (13.1211 . 

If t > 0, we have 

/ — R ^ + oo 

|/(r)rdr+ / |/(r)rdr, 

-oo J R-\-2t 


and if t < 0, 


Using that 


f*+oo 


p2t-R 


Em,nit) = / \fir)\^dr + 


\fir)rdr. 


IR 


^ /*+oo p — R 

Em.RiO)= \fir)rdr+ \fir)rdr. 

Jr j—oo 


we deduce that if |/(t)|'" dr > |/(t)|'" dr, then 


+ 00 I 


Vt > 0, Em,Rit) > -£lm,R(0), 


and if |/(7)|™ dr < fj^°° l/(^)l’" dr then 

V< < 0, Em.Rit) > -i5m,fi(0), 

which proves ()3.13p as announced. 

3.5. Linear approximation for data with small generalized energy. 


□ 


Proposition 3.9. Let A > 0. There exists 62 = 52 iA) with the following properties. 
Let w be a solution of with data wq G such that HtcoH-Hsc ^ Let 

(5 := ||r^“-drWo||L™ + ™m 1^™- 

Assume that 5 < 82 . Then w is global, 

and 

\\r^~^idrW - drWL)\\Lf>{K,L^) + \\r^~ ^ idtW - dtWL)\\L'^(W,L^) 
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Proof. Using Holder’s inequality, Lemma [321 the Strichartz estimates (I2.2|l . Re¬ 
mark [STSl and Lemma 13.61 we have 




< 


‘drWL 




11411^., 


By the Cauchy problem theory for equation CH) (see ProDOsition l2.ll) , the solution 
w is global if JsHs is small. (It could also be deduced from the argument below). 
Next from Strichartz inequality (12.21) we see that for all interval / C K, 


\D^ 






< 

< 


|W0||«. 


+ II-D" 


IIP-l 




where we have used the chain rule for fractional derivatives 




\w\P-^w) 


,4/3,4/3 


< 




LfL4 


(see 122]). Combining these three estimates and using a bootstrap argument we see 
that 

< 






Hence, using (13.2L (13.3|) . Strichartz estimates (12.2|) and the chain rule for fractional 
derivatives, we have 


‘ {drW — drWi) 


■PT) 


+ 


'{dtw - dtwifj 


< llw h;L||^™(g 


< 

< ,5"^ 


3(p-l) 


f(p- 

HBC 






ip-i 

lLt™(R,L4-) 




□ 


3.6. Localization of solutions. We gather two localization properties of solutions 
of wave equations in the generalized energy norm. The first one (on the linear 
equation) results from the strong Huygens principle. 


Proposition 3.10. Let wl be a solution of the linear wave equation with initial 
data (wo,wi) € Let {A„}„gN and {tnjneN be two sequences of real numbers 

with A„ > 0 for all n. Let 


WL,n(t,x) : = 


t X 

, P-i \ An An 


Assume that lim„_>.oo ^ = l € [— 00 , 00 ]. 
If I = ±00 then 


(3.14) 


lim limsup 

n—¥(yo 


/ 


m 

+ 

r ^WL,n{tn) 

/||x|-|t„||>RA„ 





dx = 0 
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and if I gM. then 


(3.15) 

lim limsup 

R—foo n—J-oo 


/ , , 

T dr,t'^L,n{pn) 

m 

+ 

r ™U’L,n(t«) 

/{|a;|>RA„}u{|x|<.^A„} 





dx = 0- 


The proof of Proposition [3T0] is given in Appendix 1X1 The following proposition 
follows from the small data theory and finite speed of propagation; 


Proposition 3.11. Let w be a solution of global for positive times. Then 

pCO 

(3.16) lim limsup / \rdrw{t,r)\^ + \rdtw{t,r)\^ dr = Q 

R-J-OO t_>.oo Jt+R 

Proof. Let e > 0. By Results IB.31 in the appendix, one can choose a i? ^ 1 such 
that 

II (TrWO, lR3\BKR'l)||.^Se ^ 

with a <C min((5o,e) and (5o defined in Proposition 12.11 Let w be the solution of 
(EB) with initial data (IrWo, 1-r3\BjiWi). By Proposition 12.11 and Lemma 


(r^ <^drW,r^ ^dtw) 




< e. 


From finite speed of propagation we see that iZ;(t,r) = w{t,r) if r > i? + |t| and 
thus 



\rdrw{t,r)\^ + \rdtw{t,r)\^ 


dr < e- 


Hence (13.161) holds. 


□ 


3.7. Bound from below of the generalized energy for a sum of profile. 

Proposition l3.12l shows that the generalized energy of a sum of linear profiles (resp. 
nonlinear profiles) in an annulus is bounded asymptotically from below by the 
generalized energy of one of the linear profiles (resp. nonlinear profiles) in the same 
annulus. 

Proposition 3.12. Let {(wo,n, R'i,n)}raGN be a bounded sequence in 77®° that has a 

profile decomposition with profiles {Wl}j>i and parameters t {(tj>, > 

I ’ ’ ^ — ^} neN 

Let {(6)„, cr„)}yjgpj be a sequence such thatO < Pn < cfn ^ oo, £ R. Letk > 1. 
Then, extracting a subsequence if necessary 


(3.17) 


(1) + 

T ^ drWL^rii^n^ 

m 

+ 

L'^{{pn<\x\<ar,}) 

> 

r 

'--drW^e^) 

m 

+ 


^dtWL,n{0n) 


m 

L™({Pn<|a;|<o-„}) 

m 

L’"i{pn<\x\<a„}) 


where lim„o„(l) = 0, w^n is the solution of the linear wave equation with initial 
data (rco.n, iri,n) and is defined in P2.21\) . 
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Moreover, denoting by the corresponding nonlinear profiles and assuming 
that all these profiles scatter, we have 


(3.18) 

^n(l) T ^ dr'^ni^tn) 
r^-^drW!;{er,) 


i'™'({Pn<|a:|<o-n}) 


> 


L^{{P'n.<\x\<Cyn}) 


+ 


^dtw„{6n) 

r^-^dtW^;{8n) 


A™({Pn<|a;|<o'„}) 


L^{{Pn<\x\<iyr,}) 


where Wn is the solution of mf) with data (ivo,n,wi^n), andW^ is defined in i2.20\] . 


The proof of Proposition 13.121 relies on the following two pseudo-orthogonality 
lemmas: 

Lemma 3.13. Under the assumptions of Provosition [3.12\. iff ^ k, 

(3.19) hm ( [ "|9,lT,"„(0,r)r-2a.lT,"„(0,r)a.lTf;j0,r)r™dr 

+ \dtWl^i0,r)r-^dtWU0,r)dtWl^{0,r)r^dr^ = 0 . 
Lemma 3.14. Under the assumptions of Provosition [3.12\. if J > k. 


(3.20) lim 

n—^co 


r)r-^a.lT,%(0, r)5.< Jr)r-dr 


+ / \dtWfiJ0,r)r-^dtWU0,r)eiJr)r^ dr ] = 0 


where (eo_„,ei,„) is as in '^2.3.1[ 

We first prove Proposition 13.121 assuming the two lemmas. 

Proof. Proof of |g.l7|). By the definition of the profile decomposition, we have 


(3.21) 


WL,n{t,r) =^Wl^it,r) + e^{t,r). 
1=1 


Translating WL,n in time if necessary, we may assume = 0 for all n. By (13.211) 
(and its time derivative), at t = 0, we have 


m-2 


dr,tWL,n{0,r) |i9r,tWL „(0,r)| „(0, r)r'" dr 


\dr,tWl:jO,r)fr"^ dr 


k-l 


+ E/ I^DtW^„(0,r)f dr,tWl:,jO,r)dr,tWUO,r)r^dr 

1=1 

+ f " |5,,tWL"j0,r)p“'9,.tWL':„(0,r)9,.t4(0,r)r™dr, 

J Pn 
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Using Lemmas 13.13113.141 and Holder’s inequality, we obtain 


o„(i)+ 


m—1 

> 


™l9r.tWL.n(0) 


L™{{pn<\x\<an}) 

m 

L^{{Pn<\x\<rTn}) ’ 


and (j3.17l) follows from Young’s inequality (13.51) . 
Proof of i3.18\) . By ProDOsition l2.10l 

(3.22) 


Wn{dn) ^ 

J>1 


where 


Knit: x) := ^ I ^ Sj^n := tj-„ - 6»„, 

xr' 




Xj^n Xj^n 


and is as in Remark 1 2.9 1 
By ([333, 


On(l) + 
> 


^ drWn if^n) 

-'drVl^{Q) 




i™({Pn<|a^|<CT„}) 






a T/fc 




L"^{{Pn<\x\<an}) 


i'"({Pn<k|<cr„}) 


Combining with the definition of Vf we get the desired conclusion. 
We are left with proving Lemmas 13.131 and 13.141 


□ 


Proof of Lemma \3.1,‘A Step 1. Preliminaries. Using Lemma [231 Lemma 13.61 and 
the density of functions in iL®” and 77®““^, we see that it is sufficient to prove 
the lemma assuming 

(3.23) WJ, W(, Wo^ Wf € C^. 

The explicit solutions of the linear wave equation in dimension 3 are given by 

(3.24) rWl{t,r) = f^{t + r)-f^{t-r), rW^{t,r) = f’‘{t + r) - - r), 

where f^ (respectively /^) is defined as / after (13.111) . with w = Wf (respectively 
w = Wl^). It follows from the definition of and /■! that and /■! are compactly 
supported. By the strong Huygens’ principle and (I3.23L there exists a constant 
K > 0 (depending on Wf, W^) such that 


(3.25) VZG{j,fc}, r G suppWl „(0) r-\ti^n\ < KXi^n- 
Using (13.231) and (13.241) . it is easy to see that the following bound holds: 

(3.26) Vt G M, Vr > 0, V; G {j,fc} \Wl{t,r)\+ \dr,tWl{t,r)\ < 


1 


l + |i| 
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We conclude this step by noting that we can assume Xk,n = 1- Indeed, the change 
of variable s = r/Xk,n gives 


\dr,tW^A0,r)f dr,tWl^i0,r)dr,tWlr,{0,T)r^ dr 


' '^i,n '^.7,n / A ™ 


■ ds. 


],n 


where 


^j.n \ 1 rn 

^k.n 


Pn / 

cr^ = 


XkA 


'^n ,1 _ tj,n ^1 

; ^7,n 


Xk 


Afc' 


+' _ 
1 ^k,n 


^k', 


Xk- 


and these new parameters satisfy the usual orthogonality condition (with AJ, „ = 1). 

We next prove the conclusion of Lemma [3.131 assuming (13.231) and Xk,-n. = 1- 
Extracting subsequences in n if necessary, we can assume that Xj^n has a limit in 
[0, +oo] as n —oo. We distinguish two cases: when the limit is 0 or +oo (treated 
in Step 2), and when the limit is in (0, +oo) (treated in Step 3). 


Step 2. In this step we prove the desired result when 


(3.27) Vn, Xk,n = 1 and lim Aj> S {0, +oo} 

n—¥oo 

We denote by Sn the set 

(3.28) Sn := {r > 0 s.t. \r - \tk,n\\ < K and \r - \tj^n\ \ < KXj^n] , 
By Holder’s inequality and (13.251) . 


|5..*<:„(0,r)r-25,.*WL'(„(0,r)a,.tW/;j0,r)r-dr 

m-1 

\dr,tWl^{Q,r)rr^ dr\ ([ \dr,tWijO,r)rr"^ dr 


< 


Iln 


We note that by Lemma [32] and Lemma [3.61 both terms In and Iln are bounded. 
We distinguish two subcases. 

If Xj^n —>■ 0, using that the length of S'„ is smaller that 2KXj^n, and the bound 
\dr^tWl\ < 1/r in (13.261) . we obtain 


\ln\ <K A ™ ^ 0. 

' ' n—^QO 


If Xj^n + 00 , using that the length of Sn is smaller that K and the bound of 
\dr,tW^\ in (I3.26L which implies \dr,tWl_^\ < we obtain 


\lln\ < 


I \ . 
^j,n 


r^ dr 


1 /n 


< 


J,n 


0. 


In both cases, the conclusion of the lemma follows. 
Step 3. In this step we prove the desired result when 

























RADIAL SOLUTIONS OF SUPERCRITICAL WAVE EQUATIONS 


23 


Rescaling if necessary, we can assume without loss of generality that the limit of 
Xj^n is 1. In this case 


\ p-i 

^j,n 


0. T- . 0. ^ I (H'J. WD. 


■j-"/ A 


IH—^ 

' p-1 




in so that we can assume furthermore: 


Vu, ^j,n — 1- 


Finally, we must prove that the following sum of 2 integrals goes to 0 as n goes 
to infinity: 


Jn • — 


/■ 

-'/Or, 


tW^{-tk,r 


I m—2 


, 'r)| 9r.iWL (-4,n, r)dr,tWi r')r™ dr. 


If 


lim 

n—)-co 




= +C», 


then Sn is empty for large n and the conclusion of the lemma follows. Extracting 
subsequences, we are reduced to the case where — \tj^n\ has a finite limit as 
n —>■ oo. In view of the orthogonality condition (I2.12p . and since = \k,n = 1, 
we deduce that 


n—¥oo 

To fix ideas, we will assume 


lim tk,n + tj,n = 6*0 S M, lim 14,„ - = oo. 


(3.30) lim tk.n = +00, lim 4 „ = —oo. 

n—^oo ’ n—¥oo ’ 

(The proof is the same if these limits are exchanged). We next prove 

(3.31) [ " |5,.tWy-4,„,r)r-25,,ttV(-4.n,r)5,,tITL^(-4„,r)r'" dr = 

Pn 

f \dr,t {rW{^) (-4,„,r)p ^ dr,t (rWl^) {-tk,n,r)dr,t{rWl){-tj^ri,r) dr+On{l). 

J Pn 

Since supp Wi("(-tfc,n) C [|4,„| - if, |4,„| + if], and, by (13.261) . \W^{-tk,n,r)\ < 
l/|ifc,n|, we have 


^ + 00 


lim 


IW’l (-4.n,?')|™ dr + 


^+oo 




dr = 0, 


and (13.311) follows, using that dr,t{rW\-tk,n,r)) = rdr,tW\-tk,n,r)+W\-tk,n,r), 

I = j, k. 

Using (13.301) . the formula (13.241) and the fact that and are compactly 
supported, we see that for large n, for any r > 0, 

dr{rW^){-tk,n,r) = f''{-tk,n+r), dr{rWl){-tj^n,r) = r) 

and 


dt{rWl^){-tk,n,r) = f^i-tk,n + r), dtirWl){-tj^n,r) = - r). 

As a consequence, the term with dr and the term with dt in the second line of (13.311) 
cancel each other, and we obtain 

lim [ \dr,tW^{-tk,n,r)\'^~'^dr,tW^{-tk,n,r)dr,tWl{-tj^n,r)r'^ dr = 0, 

Jpr 
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which concludes the proof of Lemma 13.131 


□ 


Proof of Lemma \3.14\ Step 1. Preliminaries. As in the proof of Lemma |3.131 we 
first note that it is sufficient to prove the lemma assuming 

W'o^ e C^. 

We will use the notations of the preceding proof: we recall from this proof that 
rW^{t,r) = f’^{t + r) — f^{t — r), the condition (13.2511 on the support of W^L,n(0) 
and the estimate (|3.26l) (with I = k). As in this proof, we see (using the change of 
variable r = s/Xk,n) that we can assume Xk,n = 1 for all n. In this case, satisfies, 
in view of ()2.15|1 . 

(3.32) ^n{tk,n) - -Oin?i*“. 

n—¥oo 

Assuming, after extraction, that {tk,n}n has a limit 9o £ [—oo, +oo] as n —>■ oo, 
we will distinguish the case where 6*0 £ K (treated in step 2) and the case where 
6*0 £ {—oo,+oo} (treated in step 3). 

Step 2. In this step we prove (j3.20ll assuming: 

lim tk,n = 00 £ K. 

n—^oo 

Translating in time, we can assume 0o = 0- Using the continuity of the linear flow 
in and Lemma 13.21 we can even assume t^^n = 0 for all n. Thus we are reduced 
to prove that 

(3.33) lim / " |a.,tW^(0,r)r-2a..tW^(0,r)9..t£;((0,r)r'"dr = 0. 

n—^OQ I 

Pn 

If Pn —>■ +0O or an —>■ 0 as n —>■ oo, p.33|) is obvious. Thus we can assume 
(extracting subsequences) —>■ Poo G [0,+oo), cr„ —?► a^o G (0,+oo] as n ^ oo, 
where Poo < O’oo- In this case 



19.,* (0, r) < (0, r)5..te;( (0, r)r" 


dr 


\dr,tW^i0,r)r-^dr,tW^i0,r)dr,tei{0,r)r^ dr + onil). 


Poo 

and (13.331) follows from (13.321) (with tk,n = 0), since by Lemma 

T” \dr,tW^{0,r)r-^dr,tW^{0,r)f{r)r^dr 

J Pac 

is a continuous linear form on 


Step 3. In this step we prove (13.201) assuming: 

lim tk.n G {—oo,+oo}. 

n—^oo 

To fix ideas, we assume 

(3.34) lim tk,n = +00. 

n—^oo 

Using, as in the proof of Lemma 13.131 that (13.341) implies 

r+oo 

lim / \W^{-tk,n,r)\'^ dr = 0, 

Jo 
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we obtain 


(3.35) [ ^ \dr,tW^{0,r)r-^dr,tW^{0,r)dr,tei{0,r)r'-- dr 

Pn 

= [ \dr,t{'^Wl^){0,r)\'^ ^dr,t{rWl^){0,r)dr,t£i{0,r)rdr + On{l) 

J P-n. 


Furthermore, by the radial Sobolev embedding, 


1 




-A 


Combining with the condition (13.251) on the support of Wl^„( 0), we obtain 
r+oo , luJl 


I \dt,r {rW^{-tk,n,r))\^ ^ |£n( 0.^)1 dr < -^ 

/o (|tfc,„| - if)- 


0 , 


in view of (13.341) . Combining with (13.351) . we deduce 
(3.36) [ ^ \dr,tWl:{0,r)r-^dr,tW^{0,r)dr,tei{0,r)r’'^dr 

J P-n. 

= [ \dr,t (rW-^) ( 0 ,r)|™ ^ dr,t (rW^) i0,r)dr,t (rei) ( 0 ,r) dr + o„(l) 
We write, as in (13.111) 

r£iit,r) =gi{t + r)- gi{t-r), 

where is defined in a similar way as / after (I3.11F Hence 5 ;( G L)(Jg(R) and 
gi G L™(R). 

Since /^' has compact support, we deduce from (13.341) that f^{—tk,n — t) = 0 for 
large n and all r > 0, and we can rewrite (13.361) as 

r \dr,tW^{Q,r)r-^dr,tW^{Q,r)dr,tei{Q,r)r^ dr 

J Pn 

m—2 

= f i-tk,n+r) f i-tk,n + r) (g^ir) + g:^{-r)) dr 

J Pn 

, rn-2 . 

+ / f{-tk,n+r) f'"i-tk,n + r){g:^{r)-g:^i-r)) dr + o„{l) 

Pn 

m—2 


= 2 


' Pn 


= 2 


f\r) ™ ^ f\r)gi{r + tk,n) dr. 


f {-tk,n + r) f {-tk,n + r)gi{r) dr + o„(l) 

r(Tn—tk 

pn —ifc,?! 

If Pn — tk,n +00 or — tk,n —oo 8.8 u ^ + 00 , then we are done. Assume 
lim Pn - tk,n = Roo G [-00, + 00 ), lim cr„ - tk,n = -Soo G (- 00 , + 00 ], 
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with Roo < Soo- Then 


P \dr,tW^{0, r)r-^dr,tW^{0, r)dr,tei{0, r)r™ dr 

On 

rSoo ^ m —2 . 

f{r) f{r)g^{r + tk,n)dr + Onil). 


= 2 


Since, for r > 0, 


gn{r + tk,u) = ^ {dr{rei{tk,n,r)) + dt{rei{tk,n,r))) 
9ni-r + tk,n) = ^ {dr{rei{tk,n,r)) - dt{rei{tk,n,r))) 
we deduce from (|3.2L (I3.3L and (13.321) that 

5n(4,„ + -)- ^Oin 

n—¥oo 

which concludes the proof, since 
h I—^ 2 


/'=(r) f^{r)h{r)dr 


'R^ 


is a continuous linear form on L™! 


□ 


4. Channels of energy for nonzero solutions 

4.1. Results. In this section we consider all nonzero solutions of (11.11) . We will 
prove below Propositions 14.II and 14.21 that state roughly that these solutions have a 
dispersive behavior in the sense of the exterior energy estimate (14.2|) . Recall from 
Proposition 12.41 the definitions of Zg and R^. If (/, g) G and ij^0,we let 

(Te{f,g) = min ^R> Ri ■. f \f{r)-Ze{r)\ + \g{r)\dr = o'^G{Ri,oo]. 

If |/(t) — Zi{r)\ + \g{r)\ dr is not 0 for large R, we just let cri{f,g) = oo. The 
fact that crt{f,g) is greater than Rg if (/, g) G follows from Proposition [231 
For technical reasons, we will distinguish between the case where ae(wo, wi) is 
infinite for all £ 0 (^Proposition 14.1|) and where it is finite for some £ (Proposition 

O- 

Proposition 4.1. Letw be a solution of with initial data Wq G such that 
for all £ ^ 0, a^lwo) = 00. Then there exist R > 0, g > 0, and a global, scattering 
solution w of a, with initial data wq G such that 

(4.1) ^o{r) = wo{r), r> R 
and the following holds for all t > 0 or for all t < 0 

(4.2) f \rdrw{t,r)\^ + \rdt'w{t,r)\^ dr > g. 

J | 3 ;|>fi+|i| 

Proposition 4.2. Let w be a solution of E2P with initial data wq such that ai{wo) 
is finite. Then 
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(a) There exists 9 = 0((Ti(uio)) > 0, a solution w of defined on [—6,9], 

with initial data wq G and R G (0,cri(wo)) close enough to o-i{wq) such 
that 

(4.3) wo{r) = wo{r) if r > R, 

the following holds for all t G [0, 9] or for all t G [—9, 0] 

(4.4) ai(w{t)) = cri{wo)+ \t\. 

Moreover 


(4.5) Vi?' > i?i, inf 6l(cri) > 0. 

cri >R' 

(h) There exists Si > i?i such that if ailwo) > Si, and R G (0, cri(wo)) is close 
enough to ailwo), there exists a global, scattering solution w of U.l\) such 
that and ^4-^ hold. 

Remark 4.3. Proposition l^.^l is stated for solutions such that ai(wo) is finite. 
However, in view of Renriark \2.5[ one obtains from Proposition [4.^ a similar con¬ 
clusion for solutions such that a^iwo) is finite, for any I ^ G. 


The proof of Propositions 14.11 and 14.21 is given in Subsections 14.21 and 14.31 
We next state a profile version of Proposition H?T] and Proposition 14.21 (| b |) . i.e 

Proposition 4.4. Consider a profile decomposition I Wf, 1 

L ’ ’ J j>i 


in Section 
more 


Assume that there exists j > 1 such that Wf 0. Assume further- 


—t 


lira 

n—>oo 


J,n 


G {—oo, +oo}, 


or (Ji 


> Si, where Si is given by Proposition 


Then there exists 


a solution Wf of the linear wave equation, and a sequence of positive 

numbers such that the nonlinear profile associated to Wf and {(Aj,n, fj,ri)}„g{sj 
scatters as t ^ ±oo, 


(4.6) 


> Pi A 


WU0,x) = WU0,x), 


and there exists pj > 0 such that the following holds for all t > 0 or for all t < 0 


(4.7) 


Pj,n + |i| 


rdrW^{t,x) + rdtWl{t,x) 


dr > pj 


In the statement of Proposition 14.41 the modulated linear profile IT;) „ is defined 
as usual by (I2.21|) . The modulated linear and nonlinear profiles Wf)„ and are 

defined the same way, replacing Wf by Wf and respectively. 

The proof of Proposition 14.41 is given in Subsection 14.41 
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4.2. Proof of the exterior energy property in the first case. We give here 
the proof of Proposition 14.II The proof is close to the proof of [8j Proposition 2.1], 
with the generalized energy replacing the energy. 

Let in be a nonzero solution of with data wq := (wo,wi) S Til®” such that 
for all £ ^ 0, f7£(wo) = oo. We prove Proposition 14.11 bv contradiction, assuming 
that for all scattering solution w of (11.11) and all i? > 0 if w (0, r) = wo(r) for r > R, 
then 

poo 

(4.8) liminf / \rdrw{t,r)\'^ + \rdtw{t,r)\"'dr = 0. 

t ^±00 


We first prove: 


Resnlt 4.5. Let A := HwoII-hoc- There exists S 3 = 153 (A) > 0, such that, for any 
To > 0, if 

poo 

(4.9) / \rdrWQr+ \rwirdr = 5<53, 

J Vq 

then, letting {vo,vi) := rwo, we have 


(4.10) 


\drVor+\v3rdr <A 


ko(ro)|i- 


Furthermore, for all r^ < r < r' < 2ro 


(4.11) 


ko(»’) - vo{r')\ <A 


ko(OI‘ 


>-i)(|-7k) 


rr 54 ">|t;o(r) 


Proof. We first see that (14.111) can be easily derived from (I4.10|) and (14.91) . Indeed, 
ko(?') - ^'o(»’')l ^ (^' - r)^ I J IdrVol"^ dfj 


<■ ^771 4 

tq 


-l(m-l) 


ko(?’)|' 


which yields the first inequality in (14.111) . Furthermore, using Lemma 15751 and (14.9L 
we obtain rQ“'"|uo(r)|™ < S, which yields the second inequality in (14.111) . 

We next prove (14.101) . We let 


so that 
(4.12) 


Wq := {wo,Wi) := {TroWo,lR3\B,.^Wi), 
p-\-oo poo 

/ \rdrWor + Irwil'-^ dr = / \rdrWor + {rwi^ dr = S, 
Jo J rn 


and, by Results IB. II and IB. 21 in the appendix. 





1 . 


We denote by wl the solution of the linear wave equation with initial data 
(wo, ivi), and let (vq, vi) = r(wo,wi) and vl '■= r-wi. We note that w(t, r) = w(t, r) 
if r > ro + jtj by finite speed of propagation. 
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By Lemma IXTl the following holds for alH > 0 or for alH < 0: 

poo pOO 

/ \drvor + \virdr= / \drvor + \virdr 

Jtq Jtq 

poo 

< / \drvdt,r)r + \dMt,r)rdr. 

dro + \t\ 

But then, using Lemma 1531 Proposition 13.91 and (j4.12p . we deduce 

poo poo 

/ \drVor + \vir dr < / \rdrWLr + \rdtWLr dr 




'>'0 + 1*1 


\rdrwr + \rdtwr dr 


P+OO 


\rdrWor + \rwir dr 


Letting t —>• +oo or t —>• —oo and using (I4.8|) . we deduce 


\drV^r + \v^rdr <A 


\rdrWor + \rwir dr 


By Lemma 131^ 

(4.13) r \drVor+ \v^r dr <A {rl-'^\vo{ro)r + j |9,uor + |uiT dr 


□ 


By (14.91) and Lemma 13731 again, we have 

poo 

rl~^\Mro)r+ / \drVor + \vir dr < 63 . 

Jvq 

Using that ^3 is small, we see that (I4.13|) implies (14.101) . 

Result 4.6. We have 

(4.14) 4 e 
and 

(4.15) Vr > 0, |uo(r)| <a 1 and 3^ > 0, Vr > 1 |uo(r) - l\ 

where a := (m ~ 1) (f ~ ~) > j- Moreover, if R > 0 and w is a global solution 
with initial data i^(r) := {wq,wi) € D such that ilj^{r) = wo(r) for r > R, 
then 


(4.16) 


lim 

t—)-±C30 


|ai|>i?+|t| 


\drw{t, x)p + \dtw{t, x)p dx = 0. 


Proof. Step 1. We prove that for all e > 0, 

(4.17) Vr > 1, |ro(r)| <A,e rV 

We may assume without loss of generality that r ^ 1. Choose ri ^ 1 such that 
(HU) holds with ro := ri and a small 0 < d := (5(^) -C 1. Let n G N. From 
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(j4.11|) with ro = 2”ri, we see that there exists 0 < 5' := 5'{A) <C 1 such that 
|i;o(2”+^ri)| < (1 + (5')|z)o(2"'ri)|. By a straightforward induction, 

ko(2Vi)| < (l + 5'rko(ri)|- 


Let r ^ 1. Choosing n such that 2”ri < r < 2”+^ri and 6 small enough, and using 
(I4.11|l with To := 2”ri, we obtain (14.171) . 

Step 2. Proof of Again we may assume without loss of generality that 

r 1. We fix ri ^ 1. Combining (14.111) and Step 1, we obtain that for all n in N, 

|no(2"ri) -^;o(2"+Vi)| <a.. <a.. 

{2^rip 

where e' is a positive constant if e is small enough. As a consequence, 

^|i;o(2"ri)-no(2-+Vi)| <a 1 
n 

which shows that no(2"’ri) has a finite limit £ as n —?► oo. Using again (14.111) and 
Step 1, we deduce that vo{r) i as r ^ oo. The bound |wo(’’)| 1 follows 

immediately. Going back to (14.111) . we obtain for large ri 

|i;o(2"ri)-no(2"+Vi)| <a (2Vi)-“. 

Summing up over n G N, we deduce 

l^'o(?'l)-^| <A 

^1 

concluding the proof of (14.151) . 

Step 3. Proof of i4.14\ l. Next we prove that wq € We see from Holder’s 
inequality, (14.101) and (14.151) that 

r + \vi\^dr < (2”ri)^ ( f \drVor + kiT 

«/2"'ri y«/2^ri 



Hence, noting that the exponent — |(to — 1) is negative (since m > 2) and 


summing over n, we see that 


POO 

/ \drVo\'^ + dr < oo. 
J r^ 


We also have 

rri 

Jo 


lOrVol"^ + Imp dr < rU 


\drVor + \virdr] <oo. 


Hence (ro,ri) G H^(]R), and we see from Lemma 1?^ that wq 

Step 4- Proof of 114.16\ ). 

Let 0 < e <C 1. Choose ri^ R such that 

/ |i9rWoP + I^Tip dx < e. 


|x|>ri 
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Then, let {wo,wi) := {Tr^wo, and w be the solution of 

I dttW - Aw = IXr-i^l^’^Xr-i^ 

\ 'w^O) := {wo,wi) 

given by Proposition [531 By the conclusion of this proposition, 


(4.18) 


sup 

ieR 


'w {t) — S{t)w {0)(t) 


< ^ ii"^ 




P 

HI 


Hence (using also finite speed of propagation) 


(4.19) sup f \drw{t,x)\'^ + \dtw{t,x)\'^ dx < e. 

T_ {w)<t<T+{w) J\x\>ri^\t\ 

From (13.21) we see that 

/|;r|<ri + |t| \drW{t,x)\^ + \dtw{t, x)\^ dx 

< (ri + |t|)^ (/|;E|<ri+|t| \rdrw{t,x)r + \rdtw{t,x)r dx'j 

< oo- 


Hence w{t) € T-l^ for all t in the domain of existence of w. 

Next we prove (14.161) . The case t —>■ — oo is a straightforward modification of the 
case t —>■ oo and is left to the reader. 

Let w that satisfies the assumptions of Result 14.61 We first note that the proof 
of (14.191) yields (fixing a small e > 0 and choosing ri ^ max {R, 1)), 

(4.20) sup I \dr'w{t,x)\'^ + \dtw{t,x)\'^ dx < €. 

We have, for t > 0 


j-ri + ltl 
'R+ltl 


\rdrw{t,r)\'^ + \rdtw{t,r)\'^ dr 


<{n-Ry 




\rdrw{t,r)\"^ + \rdtw{t,r)\"^ dr 


Hence, combining the estimates above with (14.8|) . we see that 


/ \drw{t,x)\‘^ + \dtw(t,x)\‘^ dx < e. 

'\x\>R+\t\ 

Hence 

liminf / \drw{t,x)\^ + \dtw{t,x)\^ dx = 0. 

J\x\>R+\t\ 

It remains to replace the lower limit by a limit to obtain (14.161) . Defining w as the 
solution of 

f ^tw - Aw = \xR+tw\^~^XR+tW 


lim inf 

t—¥-\-CCi 




wiO) := (TR+tw(t), 1 r3\b w(t)), 


where t is such that 


' |a:|>R+|t| 


\drw{i,x)\'^ + \dtw{i,x)\'^ dx < 
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we see again from Proposition 12.31 that (I4.18|) holds for |f| > |t| » 1 and, by finite 
speed of propagation, 

(4.21) Vt > t, f \drw{t,r)\^ + \dtw{t,r)\^ dx < e. 

Hence (14.161) holds. □ 

We are now in position to conclude the proof of Proposition l4.ll We distinguish 
between two cases. 

Case 1: i = Q. We first prove that wq is compactly supported. By (I4.15|) . since 

£ = 0 , 

(4.22) l^o(?’)l r>l. 

Fix e > 0 so small that 1 — e > By (14.111) . for large ro, 

Vn > 0, |uo(2"+Vo)| > (1 - e)|uo(2"ro)|. 

An easy induction gives |uo(2”rQ)| > (1 — e)”|uo(ro)|, contradicting (14.221) unless 
^^o(’"o) = 0. This proves that vq (thus wq) has compact support. By ()4.10|) in Result 
14.51 we deduce that we can assume (changing wi on a set of measure 0 if necessary), 
that wi is a compactly supported function. 

Since by our assumption w ^ 0, we can choose tq > 0 close to the boundary of 
the support of (wo,wi), so that 

^OO ^oo 

(4.23) / IrdrWor + IrwiTdr = 0, 0< / IrdrWor + IrwiT dr < 63 

J2ro J ro 

i.e. (j4.9() is satisfied. If ro < r < 2ro, we have, by ()4.11|) . 

ko(r)| = |uo(r) -uo( 2 ro)| <a ■ 

^0 

Hence, for r G [tq, 2ro], 

vo{r)=0 or |uo(r)|3™"^ >a Tq . 

By continuity of vg, vo(ro) = 0. By ()4.10l) . uq = 0 for r > ro, and thus wg = 0 for 
r > ro, contradicting (14.231) and concluding the proof in the case £ = 0. 

Case 2: £ ^ 0. In this case one can prove that ae{wg) is hnite, contradicting our 
assumptions. We omit the proof: in view of (I4.16L it is exactly as Step 1 of the 
proof of Lemma 3.11 in [10], using Proposition 12.31 with the potential given by 
Remark l2.6l dbl). and the exterior energy estimate given by Remark 13.81 

□ 

4.3. Proof of the exterior energy property in the second case. We prove 
here Proposition 021 

Proof of (^. Let wg G such that cr := fTi(wo) is finite. If 0 < i? < cr, we denote 
by wr the solution of (El) with initial data 

Wg.R = TRWg, Wi^R = 
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In this step, we prove that there exists p such that < p < a and 

(4.24) Vi? G [p,(7), \\iwo,R - 

(4.25) Vi?G[p,a), ciT.iwR),T+{wR))n{T.{zR),T+izR)), 

where (5i is given by Proposition l2.31 Ri by Proposition l2.4l and Zp and 9cr by Lemma 
12.71 Note that 


\\{ wo.R - 2;p(0),w;i,r)||^i 

= / |VZi( 0)|^ da:+ / |Vwo - VZidx + / Iwil^dx, 

P<\x\<R R'^\x\<(7 J R<\x\<<t 

and ()4.24I) follows if p is close enough to cr. 

Since {—Oa-, Oa) is in the domain of existence of z^, the following limits will imply 
(I4.25P with p close to tr by standard perturbation theory: 

(4.26) lim \\{wo,R- Za{0),wi,R- dtZa{0)\\^,^ =0 

(4.27) lim ||ffl(0)-z;(0)||^., =0. 

R^a 

The limit (14.2711 follows from Result IB.31 in the appendix. 

To obtain (14.261) . notice that dtZa{0) = 0 and 

Wo,R - Za{0) = Tr{wo) - TaZi = {Tr - Ta)wo + Ta{wo - Zi) = {Tr - %)wo, 
since by the definition of cr, Ta{wQ — Zi) =0. Thus we are reduced to prove 
lim IKTr -7;)u>o||yr=c + = 0, 

R^a 

which follows again from Result [B.3l in the appendix. Step 1 is complete. 

We will prove in the two remaining steps that w = Wp satisfies the conclusion 
of Proposition 14.21 (gj). The sequel of the proof is close to Step 1 and Step 2 of 
the proof of the corresponding result for p = 5 (Proposition 2.2 (a) in [5]) with 
additional technicalities due to the fact that the nonlinearity is supercritical. 


Step 2. Linearization around Zp. 

Let i? G [p, cr). ^ 

By (14.241) and Remark 12.61 there exists 0' > 0 depending only on /{| such that 
the solution Lr of 


(4.28) 


duhR - AhR = iTpZ, + XRhR\p-\rpZ, + XRhR) - \rpZ^\p-%z^ 

h^{0) := (foo,R - 2p(0), wi.r) 


satisfies the assumptions of Proposition 12.31 with 7 = \—0',9']. 

By Proposition 12.31 denoting by /il.r the solution of the linear wave equation with 
initial data (wq.r — 2p(0), wi^h), we have 


(4.29) 


sup 

-9'<t<0' 



huRit) 


W ~ 100 


^fi(O) 


•Ri ' 


We let 



^Since p depends only on cr, 9' depends only on cr 
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Letting w := wr, we see that (I4.3|l and (I4.5|l are satisfied. 

We also define Hr := wr — Zp. Then Hr is solution of the equation 

f dtthR - AHr = \zp + fiRf ^ (zp + Kr) - \zp\P~'^Zp, 
(4.30) I ^ ' IV/ 

[ ^r(O) = (wo.fl - Zp(0), zZii,r). 

By finite speed of propagation 

{hR{t,r)=Q if r>a + \t\, and 

1 iiRit, r) = hR{t, r) if r > R+\t\, -9 <t <9. 


(4.31) 


Step 3. Propagation of the support. Let R' G [i?, cr). By (13.71) and Remark 13.81 the 
following holds for all t G [0,0] or for alH £ [—0, 0]: 


(4.32) 


qx|>ii'+|t| 


> 


|V/iL,R(t, a;)P + {dthuR{t, x)Y dx 


{'-\-00 


{dr{rhi^,R{t,r)))‘^ + {dt{rhi^^R{t,r)))^ dr 


JR’+\t\ 

1 ^ + oo 

>7; {drirhR{0,r))y + (9t(/’^R(0,r)))^ dr 

^ JR' 

f \vhR{0,x)\^ + {dthR{0,x))'^ dx - ^ {hR{0,R'))‘^ . 


Since 

(4.33) \hR{0,R')\ = 


2 J|a:|>R' 

drhR{0,r)dr 


I R> 


< ^{a-R')J {drhR{t),r)Y dr 


< 


Vcr-i?' 

R' 


{drhR{Q,r)Y r'^ dr, 


we see that (14.321) implies, if R' is close enough to tr, that the following holds for 
all t G [0,0] or for all t G [—0, 0]: 


kl>R'+|t| 


|V/iL,R(i,a;)P + {dthi^^R{t,x)f dx 




\x\>R' 


|Vftij(0,a:)p + {dthR{0,x))'^ dx. 


Thus, by ()4.29p . the following holds for all t G [0,0] or for all t G [—0,0]: 


(4.34) / \VhR{t,x)\'^ + {dthR{t,x))‘^ dx 

J\x\>R' + \t\ 


^ 1 


'|x|>R' 


|Vft_R(0,a:)p + (i9t/i/{(0,x))^ dx. 


Note that _^ 

|a;| > R' hR{0,x) = (wo(x) - Zi(x),wi(x)) . 
Since R' < ai(wo), the right-hand side of (I4.34|) is positive. 
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By (I4.3ip we can replace, in the left-hand side of (I4.34|l . hji by ha. This implies 

o’i(i^(t)) > R' + \t\ for all t G [0,0] or for all t G [—0,0]. 

Finally, since R' can be taken arbitrarily close to a, we obtain (14. 4|) . □ 

Proof of 1^. We next prove the second point of Proposition 14.21 The proof is 
inspired by the proof of the analogous energy-critical result, (b) of Proposition 2.2 
in [g. 

By Result IB.31 in the appendix, we can choose a large constant S'! > 0 such that 
Si satisfies in Remark 12.61 and 

(4.35) Vi? > 5i, [[Tr^iU^.^ < and WTrZiW^, < ^Ti?^, 

where i5o, Co are given by the small data theory in (Proposition [5T]), and is 
given by Proposition [2]3l 

Step 1. Let Wo := (wo,wi) G 7?®“ such that Si < (Ti(wo) < oo. In particular. 
Wo G 7?^. Let R be such that Si < R < ai{wo), 

(4.36) ||(7rwo,1r3\b„wi)|L,_^ < —, and 

Oo 

(4.37) II (7r(wo — ^i), 1 r3\b^wi) 11^1 < \ 

Note that (|4.36l) and (|4.37l) are always possible for 7? close to cri(wo) in view of the 
first inequality in (14.351) and Result IB.31 in the appendix. 

Let V be given by ® in Remark [2.61 Let {ho, hi) = wq — {TsiZi,0), ^ := 
( 50 ,0i) := (Tr/io, 1r3\Bj,/ii) and g the solution of 

dug -Ag = \v + g\P~'^{V + g) - \g\^~^g, gtt=o = ^ 
given by Proposition [531 Recall that by (14.371) . g is globally defined and 

(4-38) supl[gL(?)-3(?)|l7^i < t^II^IIru 

where 5 l(?) := S{t)^. By Lemma [3.31 and Remark |3. 81 the following holds for all 
t > 0 or for all t < 0: 


p +00 

\'^gL{t,x)\‘^+\dtgL{t,x)\'^ dx > / \dr{rgo){t,r)\'^+\dtirgi^){t,r)\'^ dr 

JR+\t\ 


'|x|>R-|-|t| JR+\t\ 

1 p-\-oo 1 

\dr{rgo)\^ + \gi? dr=- {WVgoWh + llvilliO - i?l5o(i?)p. 


> - 

- 2 


/R 


Notice that go is supported in B^. Bounding go{R) similarly to hR{0,R') in (I4.33L 
we obtain 

[ lV5L(?,a;)|^ + \dtgL{t,x)\'^ - 7 (Il^0o|li2 + ||gi||i2) 

AM>R+\t\ ^ 

if 7? is close enough to tr. Combining with (I4.38L we deduce that the following 
holds for alH > 0 or for alH < 0: 

(4.39) f \Vg{t,x)f+ \dtg{t,x)f dx>^{\\ygo\\l 2 + \\gi\\l 2 ) =-.g'>0. 

7|x|>R+|t| o 

Indeed, g is positive by the definition of ^ since Si < R < ai{wo)- 
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Step 2. Let w be the solution of OH) with initial data wq = (7ru>o, 1r3\bjjWi). 
By (|4.36|) . w is globally defined and scatters. Furthermore wq = wo for |a;| > R. 
Let h = w — zsi ■ Then 


dtth — Ah = 


zsi + h 


(zsi +h)- \h\P 


(in the usual Duhamel sense), and, by the definition of V, 


ZSi 


P-1 


(^Si + ^) - = 


V + h 


p-1 


{V + h)-\h\P-^h, 


for all {t,x) such that \x\ > S'! + |t|. In other words, h and g satisfy the same 

equation for |a;| > iSi + |t|. We also have h (0,r) = (?(0,r) for r > i? > S'!. By 
finite speed of propagation and a standard argument (see again the comments after 
(2.27) in 0), 


|a;| > i? + \t\ g{t, x) = h{t, x). 
By (14.391) . the following holds for all t > 0 or for all t < 0: 


[ 

Vh{t, x) 

2 

+ 

dth{t,x) 

I |a:|>R+|t| 





Since (Ti('u)^o) is finite, we know by finite speed of propagation that 


supp h (t) C {r < (7i{lj^o) + 1^1}- 


Using Holder’s inequality, we deduce, for alH > 0 or for all t < 0, 

\rdrh{t,r)r + \rdth{t,r)rdr > g, 


where g = ^ for a large constant C (depending on cti(7()^o))- Finally, since 

w(t, x) = h{t, x) + zsi (t, x) = h(t, x) + ^i(x) if |a;| > i? + |t|, we obtain 


^+oo 


liminf or 

t—>-+oo 


lim inf 


i?+|t I 


IrdrAit, r)r + \rdtA{t, r)^ dr >g. 


Using a similar argument to that below “It remains to replace the lower limit...” 
in the proof of Result l4.6W e can replace the lower limit by an uniform lower bound 
and get (IQ) . concluding the proof of (0. □ 


4.4. Proof of the profile version. The proof of Proposition 14.41 relies upon the 
following lemma. 


4.4.1. Exterior energy in positive times for linear solutions. The following lemma 
states roughly that the exterior generalized energy of any solution of the linear wave 
equation satisfies an asymptotic lower bound in both time directions. This can be 
compared with Lemma 13.71 where one cannot choose the time direction, but the 
lower bound is more precise. 

Lemma 4.7. Let Wi he a nonzero solution of the linear wave equation on R x 
with initial data wq := (wo.,wi) € 77®'=, and <5 > 0. Then there exists a solution wl 
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of the linear wave equation, with initial data wq := {wo,wi) € , and to > 0, 

rj > 0, and po G ® such that 


(4.40) 

(4.41) 

(4.42) 
and 


Wo 


H‘c 

r^~^{drWo,w-i) 


< Il4ll 


■H‘c 1 


<5, 


L™xL™ 

WL{t,x) =WL{t,x), ift>to, |a;|>po + i 


^+oo 

(4.43) Vi > to, / \rdr'WLit,x)\'^ + \rdtWLit,x)\'^ dr > T], 

J pQ-\-t 


We first assume the lemma and prove Proposition 14.41 The proof of the lemma 
is given in Subsubsection 

4.4.2. Main proof. Let us first assume that tj^ = 0 for all n. Then, by Proposition 
l4.1l or Proposition 14.21 there exists a solution of dD such that scatters as 
t —>■ ±oo and positive numbers Rj > 0, rjj > 0 such that 

|x| > Rj 4^(0,x) = W^(0,x), 

and the following holds for t > 0 or t < 0 


' Rj + |t| 


rdrW^ {t,x) + rdtW^ {t,x) 


dr > rjj 


Hence, choosing := Xj^nRj and letting Wf to be the linear solution with data 


W^{0), we see that (14.61) holds and (14.71) holds for all t < 0 or for all t > 0. 

Assume now that limji_^oo 4 " “ case where this limit is —oo is the 

same). Let be the solution of (ED such that 


lim 

t —^~1“00 


W^{t) - Wl{t) 


= 0 




with Wf that is derived from Wf in Lemma K7\ for some small (5 > 0. By Lemma 


(4.44) 


lim 

t—^OO 


r^-^dr{W^ -Wl){t) 


r^-^dt{W^ -Wl){t) 


= 0 , 


By Proposition 13.91 if S is small enough, scatters in both time directions. By 
(14.43|1 and (14.44L there exists tj and pj > 0 such that 

/* + CXD 


t>tj 


' pj +t 


rdrW^{t,r) + rdtW^{t,r) dr > rjj- 


Hence, choosing n ^ 1 so that — > tj, and letting pj^n '■= Pj^j,n — tj^n, we see 

that (14.61) holds, and (14.71) holds for alH > 0. 

Remark 4.8. We see from the proof that 

(Vn, tj^ji — 0) X ^ 0, Vn, Pj,n — ^j.nRj 
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4.4.3. Proof of the asymptotic lower bound for linear solutions. We next prove 
Lemma 14.71 Recall that if wl is a solution of the linear wave equation, with initial 
data in Til®”, then rwi^{t,r) = f{t + r) — /(t — r), with / € and / G L™(R). 

By Lemma 1531 we see that for po G M and t |po| 


POO 

(4.45) / \rdrWL{t,x)\"' + \rdtWLit,x)\'^ dr 

J pQ-\-t 

poo 

\f{t + r) P f{t-r)\^ + \f{tPr) - f{t-r)\""dr + (po + t) \ Wi^{t, po+t)\ 

poo 

/ \fit + r)\"" + \f{t - r)\"" dr + (po +t)\wL{t,po + t)\"" 

Jpo+t 


f po-\-t 


t'-po 


' PQ-\-2t 


|/(r)| dr + J |/(r)| dr + j——^;^\f{po + 2t) - f{-po)\ 


Let po G K and S :s> p > 0 he such that 


(4.46) 


\f{r)rdr = 2p. 


Let 0 < e <C 1 and i? » 1 such that \ f\"" < e. Then, for r > R, 


|/(r)-/(R)r = 


/(s) ds 


< {r — R) 


m—1 


\f{s)rds<{r-R) 


m— 1 , 


lim ri-™|/(r)p = 0. 


which proves that limsup^^o^r^ ’"|/(t)|™ < e, and finally (with the same proof 
for r —>■ —oo), 

(4.47) 

Let to ^ 1 such that 

(4.48) Vt > to, / 

J 0\ 


r—>-±oo 


|/(r)rctr + 


1 


PQ-\-2t 


(po + i)' 


— |/(po + 2t) -/(-po)| <p. 


If Wl is the solution of the linear wave equation with initial data 

(wo,Wi) = (^Tpo+ta'WL(to),lR3/Bp^+t„dtWL(to)^ 

at t = to, then we see that (14.401) . (14.421) and (14.431) hold. Furthermore, using the 
pseudo-conservation of the generalized energy iLemma 13.61) . we also get (14.411) . 


5. Proof of Theorem in the global case 

5.1. Sketch of proof. In this section we prove Theorem 1 1.1 1 in the global case (i.e 
T+(w) = oo or T-{w) = —oo). We will assume T’+(w) = -foo and that (11.71) does 
not hold, and prove that w scatters for positive times. The case of negative times 
follows by looking at the solution w{—t,x) of dni). 

We first show fProDOsition l5.1D that if w is a solution of (11.11) that exists globally 
in the forward direction, and such that there exists a sequence —>■ oo along which 
its critical Tt®” norm is bounded, then there exists a solution of the linear wave 
equation that approaches well w in the weighted L'^-norm as t —>■ oo, in the region 
I a; I > t — A {A arbitrary large). 
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We next prove tProDOsition l5.2ll that if w{tn) is bounded in and has a profile 
decomposition, the only (nonlinear) profile that can have exterior generalized energy 
is the one corresponding to the linear component wi constructed in ProDOsition l5.ll 
We then conclude the proof using the channels of generalized energy property 
for nonzero profiles given in the preceding section, proving that the only admissible 
profiles in the preceding profile decomposition is the one corresponding to Wl (see 
Subsection 15.21) . This is the core of the proof, and also its most technical part, 
mainly because we must take a particular care at the profiles with initial data 
equal to (for some £ 0) for large r: see Cases 2 and 3 of Lemma [?31 

We first state Propositions 15.11 and 15.21 Subsection 15.21 is devoted to the proof 
of Theorem 11.11 assuming these two propositions, which are proved in Subsections 
15.31 and 15.41 respectively. 

Proposition 5.1. Letw be a solution of E2P such that T^{w) = oo. Assume that 
there exists a sequence —>■ oo such that 

(5.1) sup ||w(t„)||.j^«„ < oo. 

Then there exists a linear solution Wi such that for all ^ m M 

poo 

(5.2) lim / \rdr{w — WL){t,r)\"^ + \rdt{w — WL)(t,r)\"^ dr = 0. 

t^+oo 

Proposition 5.2. Let w and wl be as in Proposition 15.11 Let {pnjneN be a 
sequence of nonnegative numbers. There does not exist a sequence {trijnGN oo 
such that 

(5.3) W(t„) X wt(tn) + ^ W'f,„(0), \x\>Pn 

j>i 

where the corresponding nonlinear profiles scatter as t ^ ±oo, and there exists 
jo > 1 such that 

poo 

(5.4) / \rdrWl°{t,r)\"^ + \rdtWl°{t,r)\"^ dr >r], 

Jpr.+\t\ 

for some e > 0 and for all t > 0 or for all t < 0. 

The statement (j5.3|l means: 

w{tn) X ^ Wf(n(0), |a:| > Pn, 

j>0 

where = Wl, to^n = tn and Aq,™ = 1 for all n. 

5.2. Scattering. We first assume Propositions EH] and [521 and prove Theorem [TTT] 
for positive times, when r+(u) = +oo. The proof relies on the following lemma: 

Lemma 5.3. Let w be a solution of such that T.\.(w) = +oo, that does not 
scatter forward in time, and such that does not hold. Let wl be given by 

Provosition \5.1[ Then, replacing w by —w if necessary, there exists a sequence of 
times {tn}n —t oo, a sequence {pn}n of positive numbers, such that 

(5.5) w(t„) X wt(tn) + ^ W'f n(O), |a:| > 

i>i 


and one of the following holds 
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• Case 1. For all j > 1, W-^ scatters in both time directions and there exists 
77 > 0, jo > 1 such that the following holds for all t > 0 or for all t < 0: 

nOO 

(5.6) / \rdrWl°{t,r)\’^ + \rdtWl°{t,r)\'^ dr>r]. 

^Pn + |t| 

• Case 2. For all j > 2, scatters in both time directions and there ex¬ 
ists r] > 0, jo > 2 such that 15.61) holds for all t > 0 or for all t < 0. 
Furthermore, 

lim g {± 00 } 

n-700 

Vn, 6i,„ = 0; and ,Wl) = {%, Z, 0) 
for some ri > 0 such that 

(5.7) Vn, pn > riAi,„. 

• Case 3. For all j > 2, scatters in both time directions, 

Vn, ti^n = 0; ai(Wo,Wi) < 00 ; and limsup-^^ < ai{Wo ,Wi). 

n—^oo Al,n 

(The notation cti is defined at the beginning of Section |3|) . Let us postpone the 
proof of Lemnia l5.3l to the end of this subsection. Assuming Lemma 15.31 we obtain 
a contradiction in each of the three cases as follows. 

Case 1. In this case, the assumptions of Proposition 15.21 are satisfied which 
immediately gives a contradiction. 

It remains to deal with Cases 2 and 3. We will prove that in both cases, we can 
reduce to Case 1 along the sequence or another sequence of times. 

Case 2. We first notice that if ri > pz, where pz is defined in Lemma [2?7l 
then we are still in the setting of Proposition 15.21 Indeed, by the definition of pz, 
= Zri scatters in both time directions. We will reduce to this setting by proving 
the following: 

Result 5.4. • Assume: 

(5.8) lim = + 00 . 

n^oo Ajo,„ 

Let be given by Lemma \2.7\ in := tn + 

Pn + Then the sequence {Vl(tri)|^ 

(after extraction) the conclusion of Case 2 
replaced by ri and pn ■ 

• Assume: 

(5.9) lim = — 00 . 

n-i-oo Xjgn 

If tn '■= tn — then tn > T_(w) for n ^ 1 and the same conclusion 

holds with the same ri and Pn defined above. 

It is easy to see that we can assume ri > pz after a finite number of iterations 
of Result 15.41 To conclude this case, it thus suffices to prove Result 15.41 


A ^ri ~ I ^ri ~ 

ri ■■= ri + Pn := 

is bounded in and satisfies 
of Lemma 15.51 with ri and pn 
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Proof of Result \5.4\ We note that since cti [Wq , Wf ) is finite, {Wq , Wf) is not com¬ 
pactly supported. Since for all n, = 0, we can use Proposition 13.121 and finite 
speed of propagation to prove that 


(5.10) 


lim = 0. 


n—)-oo tn 

This shows that ~ as n —^ oo, and thus that is in both cases in the domain 
of existence of w for large n. 

We prove Result ISTTl in the case where (15.81) holds. The proof is the same when 
(15.91) holds. Note that by (15.8L we can assume that (15.61) must hold for all f > 0. 
Indeed, assume on the contrary that (15.61) holds for all t < 0. Letting t = in 
(15.61). we obtain 


^+oo 


+ 00 


V< f \rdr,tWff{tj^,n,r)r dr = / ^ 

dpn + \tjQ,n\ J -x 


|ra^.tW^‘>(0,r)rdr, 


which goes to 0 as n goes to infinity by dSH). This is a contradiction. 


By the definition of 6 ^.^, is defined on 


n 

P, 2 


. Since all the nonlinear 


profiles , j > 2 scatter in both time directions, we can apply Proposition l2.10l to 

Q 

the sequence {'w(tn)}„ at the time 9n = After extraction of subsequences. 


(5.11) 


W [ tn + 


Al 


Wl tn + 


Al^n^ri 


i>i 


fI > p„ 


where, for j > 1, 

yL,n(t,x) := 


-vf 


2 'Ll \ 
P-1 \ ^ 




t — Si 


■’ A,, 


: ^j,n ■— l'j,n 


Al 


and Vjf is the only solution of the linear wave equation that satisfies 


lim 

n^oo 






^j,n 


-V^ 




A 




= 0 . 




By (15.8|) . the nonlinear profile associated to and {(Sjo,„, Ajo_„)}^gj^ is exactly 
. Denoting by 




1 




\ p-i 


t — Si 


^Jo,n '^jQ,n 


we have, for alH > 0, 
/‘ + 00 


\rdrV^°{t,r)\ + \rdtV^° (t,r)\ dr 


' Pn+t 
r+oo 

Jpn+t 




rdtWff {t + 


dri Al,n 


dr > 7] > 0 


by (15.61) . which proves that the analog of (1^ is satisfied. Using hnite speed of 
propagation, and since > Ai^„fi for large n, and (Wq^jW^) = we can 

replace in (15.111) the profile of the decomposition corresponding to j = 1 by the 
profile with initial data 0), which concludes the proof of Result 15.41 and thus 

of Case 2. □ 
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Case 3. First assume that 

(5.12) Si, 

where Si is given by Proposition ESI©. We fix R close to ai {Wq,WI^ and such 
that 

max Mimsup S'! ] < R < ai {Wq, Wl) . 

\ n J 

By Proposition l4.2l (lb]). if R is close enough to ai {Wq,WI) , there exists 77 > 0 and 
a scattering solution of (11.11) . with initial data := {Wq, Wl) such that 

(5.13) Vr>i?, ^^{r) = {wlwl){r), 
and the following holds for alH > 0 or for alH < 0 . 


(5.14) 


P + OO 


lR+\t\ 


rdrW^{t,r) + rdtW^{t,r) 


dr > rj. 


By (15.51) . (I5.13P and since, by our choice of R, RXi^n > Pn for large n, we see that 


w{tn) ^ WL{tn) + 



'l.ra 


J>2 


\x\ ^ R\i^Yi' 


Combining with (15.141) . we see that the assumptions of Proposition [5^ are satisfied, 
concluding the proof when (I5.12p holds. 

We next prove that we can always reduce to the case where (15.121) holds, by 
changing the sequence of times {t„}„. By Proposition 14.21 (jaj), there exists 0 > 0, 
i? > 0 close to cri(Wg^, W^^) such that 

(5.15) limsup-^^^ < R < o-i(Wq^, W^), 

n ^l.n 

and a solution W^, defined for t € [—0,9], with initial data Wq := (Wq, Wi), and 
such that 

Wl{r) = {W^{r),W^{r)), r>R 
and the following holds for all t G [ 0 , 0 ] or for alH G [— 0 , 0 ]: 

(5.16) ui (l^(t)) = ai {W^,W^) + |t|. 


We will prove: 


Result 5.5. Assume that 15.1011 holds for all t G [0,0] (respectively for all t G 
[—9,0]). Let in = tn + (respectively Then for large n, 

in is in the maximal interval of existence of w, the sequence {w{in)}^ 'is bounded 


in and has a profile decomposition {(Ij,™, Aj 7 „)}^gp^| that satisfies 


the conclusions of Case 3 of Lemma \5.!A with ai (WQ,Wf) and pn replaced by 


(Ti (^Wq, := ai [Wq, + | and := RXi^n + respectively. 


Iterating Result 15.51 and using the bound from below (14.51) of 0 in Proposition 
we see that we can reduce to the case where (15.121) is satisfied. It remains to 
prove Result 15.51 
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Proof of Result[5f^ The proof is quite similar to the proof of Result 15.41 The fact 
that tn is in the domain of existence of w for large n follows from (j5.10|) . 

Since RXi^n > Pn for n ^ 1, we deduce from (15.51) : 

^ 


(5.17) 

where 


w{tn) - ^(tn) + Wf{Q) + ^ \x\ > RXl^r. 

4>2 


W^{t,x) = 


-W^ 


\ P’ 


t X 


Assume that (|5.16p holds for t G [0,6*] to fix ideas. Using (|5.17p . Proposition [2J0l 

2 : we get 


A 6 

and recalling that tn = tn -\— 


(5.18) W (in) -wliin) +V^^niO) +^yL.niO) , \x\ > Pn, 

J>2 

where the modulated linear profiles and are as in Remark 12.91 

Note that Vf is the solution of the linear wave equation with initial data IT^(|) 
that satisfies, by (15.161) . 


(5.19) 

Note also that 


0-1 


(W'\0/2)') =a^iWo\W,^) + ^. 


lim sup = R + - < cTi 
Al.n 2 


(lU(0/2)) 


n—^oo ^l,n 

by (I5.19P and the choice (15.151) of R. Finally, we see that the assumptions of Case 
3 are satisfied, which concludes the proof of Result 15.51 □ 

We have proved Theorem 1 1.1 1 in the global case assuming Lemma l5.3l It remains 
to prove the lemma. 

Proof of Lemma \5.S[ Let tn —^ +oo such that w{tn) is bounded in 77®“. Extracting 
subsequences, we can assume that w{tn) has a profile decomposition 

(5.20) w{tn)-'£KniO)- 

j>l 

If all the profiles are zero, then the solution w scatters, contradicting our assump¬ 
tions. Thus at least one profile, says Wf is nonzero. 


Let e > 0 be a small number such that e < 


r7(o) 




, and such that any 


solution of (ED with initial data < e in 77®“ is globally defined and scatters in both 
time directions. 

We reorder the profiles so that there exists Jq > 1 such that 


(5.21) 


We next define two subsets X and of {1,..., Jq}- 


fvje{i,...,Jo}, 

M^(0) 

[ Vj > Jo + 1, 

M^(0) 


> e 




< e. 
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Definition of I. Recall that we can assume that the parameters tj^n and Aj,„) 
satisfy (j2.17|) . If j € {1,, Jq}, we let 

— ^j,n if VtZ, tj fj^ — 0 
C(j,n = \tj,n\ if hm„ = ±oo, 

Then Wl ,^ is essentially localized close to {r = aj^n} (see Proposition 13.1011 . 

We define I C {1,..., Jo} as the set of indices corresponding to the most exterior 
proHles: if j G Jq} 

(5.22) j G X 4=^ Vfc G {1,..., Jo}, ak,n<aj^ri- 

Extracting subsequences, we can always assume that X is not empty, and that the 
following holds: 

(5.23) Vj GX, V/c G {!,..., Jo}\X, lim = 0. 

ra->-oo aj^n 


Definition of J. Recall from the beginning of Section 0] the definition of m. We 
define J as the set of indices f G {1,..., Jo} such that = 0 for all n and there 

exists £ G K \ {0} such that aifWl (0)) < oo. If j G JJ we can assume, rescaling Wl 
if necessary 


(5.24) 


0-1 




< oo 


or 



< oo. 


We distinguish three cases. 

Case 1. I C\ J = %. If j G {1,..., Jo} \ J, we let Wl and {pj^n}n be given by 
Proposition 14.41 Note that by Remark 14.81 


(5.25) pj^ri ~ OLj^ri as n —>■ oo. 

If j G iX, we let Wl be the solution of the linear wave equation with initial data 

(w„^w/) = (ri+p,z±i,o), 

where the sign + or — is the same as in (15.241) . and pz is defined in Lemma BT71 
Extracting subsequences, rescaling the profiles, and reordering them if necessary, 
we can assume, in view of (I5.22|) . (15.231) and (I5.25p . 

(5.26) IgX, Vj G {1,..., Jo} \ X", Vn, 

Let pn = Pi,n- By (15.2611 and the definition of Wfi we have 

(j G {1,..., Jo} \ JJ and r > p„) ^ W'l,„(0, r) = r). 

By (15.231) and the assumption Xf\J = 0, 

Vj G J, lim = lim = Q. 

n—J'OO n—J-oo 

Thus for large n, if j G J, 

Pn > Aj>max^l + pz,CT±i (wl,W('^'j , 

where the sign in a±i is again given by (15.241) . We thus obtain 

(j G J and r> Pn) ^ ^l,n(0,r) = Wln(0,r). 
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We can thus rewrite (j5.20|) as 

w{tr,) X wt(in) + Wi?,„(0) + Y |a;| > Pn, 

i=i j>Jo+i 

and the assumptions of Case 1 of Lemma 15.31 are satisfied with jo = 1- 

It remains to treat the other cases, i.e. when I fi jT is not empty. Since for 
j £ J , tj^n = 0 for all n, and thus aj^n = ^j,n, (I5.22|) and the pseudo-orthogonality 
property (12.121) imply that XC\ J has only one element. Reordering and replacing 
w with — rc if necessary, we can assume lr\J = {1} and ai{WQ ,Wi) < oo. Using 
again (I2.12L (12.1711 and (I5.22|l . we also have: 

(5.27) j e I \ {1} ^ hm G {±oo}. 

n-^oo Xj^n 

For j = 2... Jo, we let and pj^n be given by Proposition 14.41 Reordering and 
extracting subsequences, we can assume that 

(5.28) Vj G {2,... Jo}, Vn, p2,n > Pj,n- 


Case 2. In this case we also assume that 

limsup > (Ti {Wq,Wi) . 

n—¥oo ^l,n 

Hence, after extraction of a subsequence, 

(5.29) lim ^ > CTi iW^^Wl) . 

n^oo Ai,n ^ ^ 

We first make a slightly stronger assumption than (|5.29p : 

(5.30) Vn, p2,n > Ai,„(Ti {W^M) ■ 

Let ri = cTi {Wq,WI). By (15.301) , (15.7p is satisfied with = p 2 ,n- We let 

=iTr,Z,,0). 

By the definition of ri, we have 

r > n ^ (Wo\Wl) (r) = {W^,Wl){r). 

For j = 1... Jo, we define 

,p-l \ Aj^n Aj^n 

(recall that is the solution of the linear wave equation with initial data (IUq , Wl) 
and that for j = 2 ... Jo, 1U£ is given by Proposition 14.41) . By (15.281) and (15.71) . 

W{tn) X ■ulL(in) + y] Wl„_{0) + Y \x\ > Pn- 

i=i i>To-i-i 

By the definition of p„ = p 2 ,n, satisfies dSH). Thus all the assumptions of Case 
2 of Lemma 15.31 are satisfied. 
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It remains to treat the general case (i.e ()5.30j) is not satisfied). By (j5.29|) . after 
extraction of a subsequence 

(5.31) lim ^ = cr := cri (w},W^) . 

n^oo 

Let Ai^„ = Then by (I5.3ip . lim„ Ai,„/Ai_„ = 1. This implies that 


lim 

n—¥oo 


\ p-1 

^l,n 




= 0 , 

H‘c 


and 


lim 

n—¥oo 


-w^ 






ijsc-i 


= 0 . 


This proves that w{tn) has a profile decomposition for |a;| > with profiles 

{wl} U < Wl > and parameters 
L Jt>i 


{(li^n)}„gN U |(Ai_„, ti_„) U ij,n)}„gpj}^-^2 ' 

Since p 2 ,n = Ai,„(Ti (ILq , ILi), we see that we are reduced to the case where (15.301) 
holds, concluding the proof. 


Case 3. In this case we also assume that 

P2, 


lim sup < (Ti {Wq,Wi) . 

n—^oo ^l.n 


Let Pn := P2,n- Then by (I5.28p . 


-^0 


w{tn)i<^{tn)+WU0)+J2^ln{0)+ , \x\ > Pn, 

4=2 4>Jo + l 

and it is easy to check that all the assumptions of Case 3 of Lemma [?31 are satisfied. 

□ 


5.3. Existence of the free wave. We next prove ProDOsition l5.ll We start with 
a preliminary lemma. 

5.3.1. Scattering outside wave cones. 

Lemma 5.6. Let w be a solution of ill.il) such that T.\.(w) = +oo and Ji. 7[ ) does 
not hold. Then there exists a sequence {sn}n +oo such that 

limsup ||u;(s„)||.^,„ < oo, 

n—foo 

a sequence {(icq,™, R'i,ri)}riGN 7 bounded in "H®”, and a small e > 0 such that for large 
n, the solution Wn of E2P with initial data (wg^n, wi,n) scatters forward in time 
and 

(5.32) |a;| > (1 - e)s„ w{sn,x) = {wo^n{x),wi^nix)). 

Proof. Step 1. Let {i„} —>• oo such that {'w{tn)}n is bounded in 'H^‘=. In this step 
we prove that there exists (after extraction and for large n) an e' > 0 such that 

w{tn) \x\> {l-e')tn, 

4>1 


(5.33) 
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with nonlinear profiles such that for all j, scatters in both time directions 
or 

(5.34) lim —g {± 00 } and Vn, |t, „| > (1 — 2e')tn- 

n-)-oo 

Extracting subsequences, we can assume that 

J>1 

If all the corresponding nonlinear profiles scatters forward in time then w 

scatters by ProDOsition l2.8l and and Remark and one can choose e' := 1. If not, 

we reorder the profiles so that for j > Jq + 1, scatters in both time directions, 
and for 1 < j < Jq, does not scatter, at least in one time direction. Let j>l. 
If j > 1 + we let Wi = Wl- If 1 < j < Jo, we will obtain Wl from Wl by 
truncation as follows. 


Case 1. Assume 


(5.35) Vn, = 0. 

By Proposition 13. Ill and Proposition l3.12l the sequence is bounded, and 

we distinguish between two subscases. 

Case la. Assume (15.351) and 

(5.36) lim G (0,oo). 

n—loo tn 

By the pseudo-orthogonality conditions (I2.12p , there is no other j satisfying ()5.35l) 
and (15.361) . Rescaling {Wq.WD, we can assume that the preceding limit is 1, and 
that Xj^n = tn for all n. Then, changing Wq and IFf on a negligible set if necessary: 

(5.37) supp(IFo^ fF/) C Ri 
Indeed, Proposition 13.121 yields for i? 1 and n:S> 1 




,1-- 


■drW^ 


R-- 


■IFf 


L^({\x\>U+R}) 


L ™({| x |>1 + ^}) 


L™({|x|>1+^}) 

Letting n —?► 00 and i? —>■ 00 , and using Proposition 13.Ill we obtain (15.371) . 
By Result IB.31 we can choose 0 < e' <g; 1 such that 


'n(l) 

o„(1). 


{w^wi) 


satisfies 

Co 

where i5o and Co are given by Proposition 12.11 (the small data theory for the 
equation HU)- Letting be the the nonlinear profile associated to Wl and 
{(fj,n, Aj,„)}^gj^, we see that IF-^ scatters in both time directions by Proposition 
12.11 Furthermore, 

\x\ > (1 - e')tu Wl^i0,x) = lFf(_„(0,x). 


( 5 . 38 ) 
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Case lb. Assume (I5.35|l and 
(5.39) 


lim ^ = 0. 
n—).oo tn 


As before, by Result [B31 in the appendix and Proposition l2.ll we can choose Rj :$> 1 
such that the solution with initial data 


(5.40) 




scatters in both time directions. Note by the definition of {Wq^WD that 

-tA 


|x| ^ RjXj^n 


WU0,x) = WU0,x). 
In view of (I5.39L we see that (15.381) is satisfied for large n. 
Case 2. We next assume 

-ti 


(5.41) 


lim 

n—>oo A, 




G {±oo}. 


Again, we distinguish between two subcases. 

Case 2a. We assume (I5.4ip and, after extraction of a subsequence 
(5.42) Vn, < (l-2e')tn. 

Using Result [B31 we define again (lUj, W() by (15.401) . where Rj » 1 is such that 

^0 


(WoMuf) 


'H^c 2Co 


As a consequence, for all t G 

Wiit) 




{W^,Wi) 


- 2Co 


Thus by Proposition 12.II and (12.181) . the nonlinear profile associated to Wl and 
{(Aj,n, tj,n)}„gi!j scatters in both time directions. Furthermore we obtain by finite 
speed of propagation: 


\^j, 




Xj^n 


X 


■3,n 


WU0,x) = WU0,x). 


In view of (15.411) and (I5.42p . we see that (15.381) is satisfied for large n. 
Case 2b. We assume (I5.41|) and after extraction of a subsequence 
(5.43) Vn, > (l-2e')t„. 

In this case, we simply let Wl := Wl. 


Recalling that (j5.38p is satisfied for all j > 1, we obtain as announced (j5.33() . 
where for all j > 1, the corresponding nonlinear profile W^ scatters in both time 
directions or satisfies ()5.34() . 

Step 2. Conclusion of the proof. If all the nonlinear profiles W^ corresponding to 
the preceding profile decomposition scatter forward in ti me, t hen by Proposition 

12.81 the solution Wn with initial data (wio.n, ihi,™) := ri(0) scatters for large 

n, and the conclusion of the lemma is satisfied with Sn ■= in, e = (wo.mWi.n) ■= 

(u;0,„, Wl,n)- 
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We thus assume that there is at least one nonlinear profile that does not 
scatter forward in time. We reorder the profiles, so that (for some Ji > 1) if 
1 < j < Ji then does not scatter forward in time, and if j > Ji +1, scatters 
forward in time. We will prove the conclusion of the lemma with := 

We first note that the assumptions of Proposition [2^ are satisfied with On = 
Indeed, by Step 1, if 1 < j < Ji, then 

lim = —oo and > (1 — 2e')t„ for large n. 

n->oo Aj^n 

As a consequence, for such a profile, we have, using that e' < 1/4, 


lim sup 

n—¥C !0 


bL -f. 

^j,n 


— OO, 


and thus the assumption (12.241) of Proposition [5^ is satisfied. By the conclusion of 
the proposition, we have for all J > 1 


(5.44) 


Wn 


T =1:"';! T 


i=i 






Let ^ be a smooth function such that 


|x| > 1 ^ ■i/'(a;) = 1, |a:| < ^ ^ ip{x) = 0. 


Let 


(5.45) (wo,n, Wl.n) := 


i=i 

By finite speed of propagation and (15.331) . 


Jl 


\x\> ( - - e' I 4 


+ £ 


Wn\—,X\ =W 


rJl 




-,X . 


By the definition of ip, (15.441) and (I5.45|l . 


|a;| > tn 




(wo,n,m,n) (x). 


Combining the two equalities above, we deduce that ()5.32p holds with s„ := 
e ■= ^e' 

Furthermore by Step 1, if 1 < j < Ji, 

lim —AA = _oo and (1 — 2e')tn < tj^n- 

n—^oo Xj^ri 

We also claim that for n 1 


(5.46) tj^n < (1 + £')tn 

Indeed, we first observe by Lemma 13.31 and Lemma 13.61 that 


r^-^dr,tWlniS^) 

Lm 

^dr,tWl{-tj^n,x) 

Lm 



(r^-^drW^,r^-^W( 

) 
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Then, by Proposition 13.101 Proposition 13.Ill and Proposition 13.121 we can choose 
R:S> 1 and n :$> 1 such that 


r^--dr,tWU0) 

L^dlx 

< 

(r^-^drW^,r^-^W('^ 

, and 

Lm 


r^--dr,tWljO) 

< 

Z,™(|x|>t„+R) 


L-m 


Thus if (15.461) were not true then this would lead to a contradiction. 


Hence 


lim 

n—¥co 


Lzl _ f ■ 

2 




—oo, and for large n, 


- ti 


< I ^+e']tr, 


Hence 


lim 

n—^oo 


IP 


t ;t«i 


= 0 




(indeed by (12.1911 . we can substitute Wl,^ (^) for (^) 0; but then by finite 

speed of propagation the statement is obvious if Wl (0) is compactly supported; 
the general case follows by a density argument). Combining with (|5.441) . (15.45L we 
deduce that for all J, 


(5-47) ^ bP;? ( y j + e(„) , 

where satisfies (12.13p . in view of (12.2P 

Observing (see Remark 12.9|) that (15.471) yields a profile decomposition of the 
sequence (ico.n, R'l.n), where the nonlinear profiles are the kP-l, j > 1 + Ji (and thus 
all these nonlinear profiles scatter forward in time), we deduce from Proposition l2.81 
and Remark 12.21 that the solution Wn with initial data (iwo.n, R'l.n) scatters forward 
in time, concluding the proof of the lemma. 

□ 


5.3.2. Construction of the free wave. We are now in position to prove Proposition 

[Q 

Step 1. We prove that VH G R, there exists a solution of the linear wave 
equation such that 

pOO 

(5.48) lim / \rdr{w — w^){t,r)\^ + \rdt{w — w^){t,r)\^ dr = Q. 

Consider the sequence {snlrteN and the solution Wn of dEB given by Lemma 15.61 
Since Wn scatters as t —>• oo, there exists WL,n solution of the linear wave equation 
such that 

lim Wwtit) - WL,i(t)\\p,,^ = 0 


■^Recall that ||?/j ■ $ IIpII jjg for 9 ^ q G {sc, Sc — 1} 
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By finite speed of propagation w(t + Sn,x) = Wn(t,x) for \x\ > (1 — e)sn + t and 
t > 0. Hence, choosing n such that es„ » A and using Lemma [32] we see that 
(15.481) holds with w^(t, x) := WL,n{t — Sn, x). 

Step 2. Since {S{—Sn)w{sn),dtS{—Sn)w{sn)) is a bounded sequence in one 
can assume (after extraction of a subsequence) that 

{S{-Sn)w{Sn),dtS{-Sn)w{Sn)) -^ {vo,Vi) in 

n—^oo 


Let WL{t) := S{t)(vQ,vi). We may assume that (after extraction again) that w(sn) — 
'w^{sn) has a profile decomposition 

w{Sn) - W?(Sn) - ^{Sn) “ ^{Sn) + ^[^0), 

J>2 


where the first profile is „(0) 
tion 13.121 and (I5.48P that 


WhiSn) 



(s„). Hence we see from Proposi- 


(5.49) lim / \rdr{w^-WL){sn,r)\'^ + \rdt{w^-WL){sn,r)\'^ dr = 0. 

Let n ^ 1 such that s„ ^ A. Let (resp. w^) be the solution of the linear wave 
equation with data ?^(s„) := (7 ^„_aWl(s„), lR3/B,^_^i9tWL(s„)) (resp. i^(s„) := 
(7's^-AW^{Sn),'i-R3/g^ _y^dtW^{sn)) )■ By using finite Speed of propagation and the 
pseudo-conservation of the generalized energy fLemma l3.6l) . we see that for t ^ Sn 


poo poo 

/ \rdr,t{w^ - WL)(t,r)\”' dr = \rdr,t{wL - WL)(t,r)\”' dr 
Jt-A Jt-A 

poo poo 

< / \rdr,t{wL -'>XL){sn,r)\"' dr = / \rdr,t{w^ - WL){sn,r)\"' dr. 

Jo J Sji — A 

Hence, by (I5.49L 

pOO 

(5.50) lim / \rdrt{w^ —'WL){t,r)\'^ dr = 0- 

Combining (15.501) with (15.481) we get (15.21) . □ 


5.4. Nonexistence of profile with exterior generalized energy. We prove 
here Proposition [521 Let w be the solution of (HD) such that 

(5.51) lim W'w (t) — ^{t)\\.Asa =0- 

t^OO ^ 

Translating w and w in time if necessary, we may assume without loss of generality 
that w is defined on [0,oo). 

By the assumptions of Proposition 15.21 there exists (wo,n,wi,n) such that 

(5.52) iwo,n,wi^n){r) = w{tn,r), r > pn, 
and {wQ^n,wi,n) has the profile decomposition 

(5.53) (wo,n,Wl,n) ^{tn) + T W^L.n(O)- 

J>1 
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Let Wn be the solution with data (wo,™, wi.n) at t = 0. By Proposition 12.81 we 
see that 

= w{tn+t,x) +^wl{t,x) + el{t,x) +rl{t,x), t e [-t„,+oo) 
i=i 

with 


lim limsup sup ||^(0 II-ho 

J^oo n^oo tg[_t^_oo) 


= 0 . 


Assume that (15.41) holds for t > 0. Then, using also Proposition 13.121 (15.511) . and 
Lemma [321 we see that for n ^ 1 


PCX) 

vt > 0, / \rdr,tWn{t,r) - rdr,tWi^{tn+t,r)\"" dr >r]. 

Jp^+t 

Hence, by finite speed of propagation and (15.52p 

PCX) 

Vf > 0, / \rdr,tw{tn + t,r) - rdr,tWL{tn+t,r)\"'dr > rj. 

pn-\-t 


Letting t ^ oo, we see that it contradicts Proposition 15.1 
Next assume that (15.41) holds for t < 0. Then 


PCX 

/ \rdr,tWni-tn,r) - rdr,tw{0,r)\'^ dr > -q. 
d Pn+t^ 

Hence, by using again finite speed of propagation and (15.521) 

PCX 

/ \rdr^tw{^T'r) — rdr^tw{{),r)\'^ dr>q. 
Jpn+tn 


Letting n —>■ oo, we see that it is impossible. 


6. Proof of Theorem in the finite maximal time of existence case 

6.1. Outline of the proof. This section is devoted to the proof of Theorem 11.11 
in the finite maximal time of existence case (i.e T^(w) < oo or T_(w) > —oo). By 
the invariances of the equation, we can without loss of generalities consider only 
positive times and assume T+(w) = 1. 

We first show lProposition l6.11) that if ui is a solution of (11.11) such that T^{w) = 
1, and there exists a sequence —?► 1 along which its critical norm is bounded, 
then there exists a solution v+ of (dD such that w = v+ outside the light cone 
|a:| = 1 — t. We then prove fProposition 16.21) the analog of Proposition 15.21 for the 
finite time of existence case, namely that if —>■ 1 and is bounded in Til®” 

and has a profile decomposition, then the corresponding nonlinear profiles (except 
the one corresponding to the solution W+) do not have any exterior generalized 
energy. The end of the proof is very close to the corresponding proof in the global 
case and we will only sketch it. 

Proposition 6.1. Assume that T^{'w) = 1, and that there exist a sequence tn —>■ 
1 such that holds. Then there exists a solution of defined in a 

neighborhood oft = l, and Tq € (0,1) such that 

{t € [Tq, 1) and |a;| > 1 — t) =)► v+{t, x) = w{t, x). 










RADIAL SOLUTIONS OF SUPERCRITICAL WAVE EQUATIONS 


53 


Proposition 6.2. Let w be as in Proposition \ 6.1\. Let {/OnjneN be a sequence 
of nonnegative numbers. There does not exist a sequence {tnjneN 1 such that 
{w{tn)}n has a profile decomposition for |a;| > 

( 6 . 1 ) w{tn) ^v+{l)+ \x\>pn, 

i>i 

where the corresponding nonlinear profiles scatter as t ^ ±oo, and there exists 
jo P 1 such that 

nOC 

(6.2) / \rdrWl°{t,r)\'^ + \rdtWff{t,r)\'^ dr >€, 

■lp„+|t| 

for some e > 0 and for all t > 0 or for all t < 0. 

6.2. Nonexistence of type II blow-up solution. Assuming Propositions 16.11 
and 16.21 the proof of the nonexistence of solutions of (11.11) that do not satisfy (11.71) 
and blow up in finite time relies on the following lemma, which is the analog of 
Lemma 15.31 for the finite time blow-up case: 

Lemma 6.3. Let w be a solution of U.l\) such that T.^_{w) = 1 and such that Jl.T] ) 
does not hold. Then, replacing w by —w if necessary, there exists a sequence of 
times {tn}n 1; in the domain of existence of w, a sequence of positive number 
{Pn}n such that w(tn) has the following profile decomposition for |x| > 

w{tn) X ify:(l) 1P£„(0), 

J>1 

and one of the following holds 

• Case 1. For all j > 1, scatters in both time directions and there exists 
r] > 0, jo > 1 such that the following holds for all t > 0 or for all t < 0: 

poo 

(6.3) / \rdrWl°{t,r)\'^+\rdtWl°{t,r)\'^ dr>r]. 

Jpr, + \t\ 

• Case 2. For all j > 2, scatters in both time directions and there ex¬ 
ists ?7 > 0, Jo > 2 such that holds for all t > 0 or for all t < 0. 

Furthermore, 

lim g {±oo} 

n—l-oo 

Vn, fy.„ = 0 and ,Wl) = {rr^Z,Q) 
for some ri > 0 such that 

Vn, Pn P. niXl^n- 

• Case 3. For all j > 2, scatters in both time directions, 

Vn, ti,„ = 0; ai{WQ,Wi) < oo; and limsup^^^ < (Ti(Wq^, ). 

n—>oc ^l,n 

The proof of Lemma 16.31 is almost the same as the proof of Lemma 15.31 The 
proof of Theorem 11.11 in the case T+{w) < oo, assuming Propositions 16.11 and 16.21 
and Lemma 15751 is also very close to the corresponding proof in the case T^(w) = oo 
(see the paragraphs after Lemma 15751 p. 051) ■ We omit both proofs. 
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6.3. Local strong limit outside the origin. We prove here ProDOsition l6.ll We 
will need the following lemma, based on standard energy estimates and the radial 
Sobolev embedding. 

Lemma 6.4. For all (a, b) £ K.^ such that 0 < a < b, there exists a constant 
Ca,b with the following property. Let I be an interval, tq G I, F G L((/, and 
{uo,ui) G Let u be the solution of 


(6.4) 


dttu — Au = F, {t, x) G I 
u{tq,x) = {uq{x),ui{x)). 

For t G L, let Jt = [a + \t — To\,b — \t — To\]. Then (assuming that the right-hand 
side is finite), 


(6.5) ytGl, ||M(t)||L-(Jt) 



7f 

pt 

< Ca,b 

/ iVitoP -b |moP + l^iPda: -b 

/ ll^(■s)lk“(J.)ds 


\Ja/2<\x\<2b J 

J To 


Proof. Let 

/ \ 

M=i[ |VitoP + |woP + iMipdai) + / ||F(s)||i~(j,) ds < oo. 

\Ja/2<\x\<2b J Jl 

It is sufficient to prove 

(6.6) Vt £ I, ||u(t)||L~(Jj) < Ca,bM. 

In all the proof, we will denote by C a large constant, that may depend on a 
and b and change from line to line. 

By a classical extension lemma, there exists (uo,ui) £ such that 

(mo,mi)(4’) = (uo,ui)(r), a< r < b, and ||(uo, mi)||^i < CM. 

Let u be the solution of 

/g f dttU - Au = ljt(r)F, {t,x) £ / x 

■ \ u{tq,x) = Ut){x), dtu{TQ,x) = ui{x), 

where Ijj is the characteristic function of J*. Note that by the assumptions of the 
Lemma, the right-hand side of the first equation of (I6.7|l is in L(L^(/), so that 




u G C^{L,W). 

By hnite speed of propagation, u{t,r) = u{t,r) lit G L, r G Jt. It then suffices to 
prove for u instead of u. By energy estimates: 

Vt £ L, ||w(t)||^i < Y^lluoll^i + ||ui ||^2 Illj,i^|li 2 ds, 
which, in view of the radial Sobolev inequality: 

and noting that Jt has finite length smaller than b — a, concludes the proof of the 
lemma. □ 


We next prove Proposition 16.II 
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Proof. Let {tn}n —>■ 1, in < 1, such that w{tn) is bounded in Extracting a 
subsequence, we can assume 

(6.8) w{tn) -^ e 

n—¥oo 

weakly in . Let z;+ be the solution of (HID with initial data (uo;'*^i) at t = 1- 
Let T such that r_(u+) < T < 1, and {a',b') € such that 

(6.9) l-T<a'<b'. 

We will prove 

(6.10) w{T,r) = v+{T,r), a'< r < b' , 

which will yield the conclusion of the proposition since a' and b' can be chosen to 
be arbitrary numbers satisfying (EH). We have 

{dtt - A)(i;+ -w) = b (|u+|P“^u+ - \w\P~^w) . 

We fix a large n (so that > T), and use Lemma Tb.dl with tq = tn, u = v+ — w, 
a = a' — {tn — T), b = b' + tn — T (so that 0 < a < 6) and I = [T, t„]. Note that for 
these choices of tq, a and 6, 

Jt = [a'- {t-T),b'+ t-T], t&[T,tn]. 

Let 

B{t) = l|?;+(t) - T 

By Lemma [63] there exists a constant Cq := Co{a\b') such that 


( 6 . 11 ) T<t<tn^ 

B{t) < Co ^£„ + ^ B{s) + BP-^(s)J ds^ , 

where e„ is defined as the following integral: 



<\x\<2(b'+tr,-T) 


(^|Vu+ - + \dtv+ - dtwf + |u+ - {tn, x) dx. 


Since tn — T < 1 — T, we can bound this integral by the integral on the set of x 
such that ° — 1^1 — 2(&' + (1 — T)). By (16.81) . and the Rellich-Kondrachov 

theorem, 


lim En = 0. 

n—¥oo 


Let e > 0. Let n such that Co£n < £• We will prove by bootstrap that if e is 
small enough. 


(6.12) Vte[T,t„], B{t)<C2e, 

where C 2 = + 1 with Cq defined in (16.111) and 

=^maXi||u(s)||P-\^^), 


which is finite, by the radial Sobolev embedding and since u £ C° ^[T, 1], iL®'= j. 
Note that B{tn) < Co£„ < e by (16.111) . To prove (16.121) . we argue by contradiction 
and assume that there exists r £ [T, such that 

(6.13) il(r) = C 2 e and Vt £ (r, t„], B{t) < C 2 e. 
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By dSII]), 

B{t) <€ + Co B{s)(Ci+Cr^eP-^^ ds. 

Thus by Gronwall’s Lemma, 

\ft G B{t) < ,e^o{c,+cr^e^-^)(tn-t) < ^gC„(c,+cr^^-^)(i-r)^ 

If e is so small that < Ci, we obtain: 

B{t) < ee^CoC^{i-T) ^ 

contradicting (16.131) and concluding the proof of (16.121) . 

By (|6.12p , 

Ve > 0, B{T) < Cze. 

Thus B{T) = 0, which concludes the proof of the proposition. 


□ 


6.4. Nonexistence of profile with exterior generalized energy. In this sub¬ 
section we prove Proposition 16.21 

From (16.11) we know that there exists (wo,n,wi,„) such that (15.521) and (15.531) 
hold, with wt{tn) replaced with u+(l). Let Wn be the solution of (11.11) with initial 
data (wo,n,wi_„) at t = 0. Let 0o > 0 be small, so that 

T_{v+) <1-00 < 1 + 00 < AK)- 

By Proposition l2.8l we see that Wn is defined on [1 — 0o, 1 + 0o] for large n and 


(6.14) Vt G [-0o,+0o], ^{t,x) =v+{l + t,x) + ^W^{t,x)+ei{t,x) + r^{t,x), 

i=i 


where 

lim limsup sup \\ri(t)\\^,^ = 0. 

J^oc n_>oo -eo<t<0o 

By finite speed of propagation, for all t G [—0o,0o] such that 0 < + t < 1, we 

have: 


(6.15) |a;| > + \t\ Wn{t, x) = w{t + t„, x). 

By Proposition 16.11 we deduce, in the same range for t, 

|a;| > max(l - (t+ t„),pn + |t|) wtit.x) = v+{t + tn,x). 

Using the continuity of the ?il®‘=-valued maps t uyt(i) and t u+(t), we get that 

the preceding equality holds also for t = 1 — t„, i.e. 

(6.16) (1 - tn < 00 and \x\> Pn + I- tn) Myt(l - tn,x) = V+{l,x). 

First assume that (16.21) holds for all t > 0. By (16.141) and Proposition 13.121 the 
following holds for large n: 


/ 

T dr^ti^WniX ^715 

/ \x\'>Pn-\-l — tn 



Combining with (I6.16p . we obtain 


/ 

J \x\'>Pn-\-l — tn 


'dr,t{v+{l,x) - V+{2 - tn,x)) 


dx>-. 


Letting n —>■ oo, we see by Lemma 13.21 that the left-hand side of the preceding 
inequality goes to zero, a contradiction. 
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Next assume that (j6.2|l holds for all t < 0. By (16.1411 and Proposition 13.121 the 
following holds for large n: 


I 

J \x 


' \x\>pn-\-tn+9Q — l 

Hence, by (I6.15L 


^dr,t{wn{^ - Oo- tn,x) - V+{2 - 9 q - tn,x)) 


dx > 


/ ^dr,t{w{l-9Q,x)-v+{2-6o-tn,x)) 

J \x\>Pn.+tn.+So — l 

Since v+{l — 6q,x) = r(;(l — Oq^x) for |a;| > 0O: we deduce 


dx > —. 
- 2 



^dr,t{v+{\ - i9o,x) - Vj^{2 


^0 ^n-) ^)) 


m 


dx 


' Pn+^n+^0~l^|2l|^^0 


^dr,t{w{l - 6 * 0 , x) - V+{2 - Oq - tn,x)) 


dx > 


e 

2 ’ 


with the convention that the second integral on the left-hand side of the preceding 
line is zero if -I- — 1 > 0. Letting n —>■ oo, we get again a contradiction. 


Appendix A. Proof of the localization property 


In this appendix we prove Proposition 13.101 

Assume that I G K. Then, by continuity of the linear flow in 




and Lemma 


lim 

n—^co 


^L,n (j'n 1 2 ^; 


A. 


p—i \ /» 


lim 

n—^oo 


idn ; X^ 


A 


—=—ri 

p-l Vi 


dtW-L 1 I, — 
An 




H‘>c- 


= 0 


= 0 . 


This easily leads to (I3.15p . taking also into account Lemma [ 

Next assume that I G ±oo. Let e > 0. Let y be a smooth function such that 
xix) = 1 if |a:| < 5 and x{x) = 0 if |a:| > 1. Let i? > 0 and {wq,Wi) := 
ixi^)wo,xi^)wi). Since 


lim (uiq — Wo, li"! — wi) 

R^oo 




= 0 , 


one can choose R such that for R> R 

,.R 


|(wo - wo,wf - Wi)| 




< e 


Let be the solution of the linear wave equation with data 


V \ \ / \ P-1 

\ An An 


+ 1 


Lemma 13.21 yields 


T (^r,i '^L,n (^n) *^P,i'^L.n(^^)) ^ ||'^L,n(^n) ^L,n ) II 

ll(l«Rn - ■M^0.n,W^^n “ ''"l.n) II Ao 


< e 
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Hence 


|tn|-|a:||>-RA„ 


< 


|t„|-|x||>RA„ 


'^drWL,n{tn) + ^ dtWL,n{t„) dx j 

2 m 2 d m \ ^ 

r^~^drW^^{tn) + dec + 0{e) 


< 


using the strong Huygens principle at the last line, i.e w^_^{tn) is supported in the 
ring \tn \ - R\n < \x\ < |t„| + i?A„. 

Appendix B. Useful Estimates 
Result B.l. Let 0 < s < ^. Let R> 0. Let f G iJ®. Then 


Proof. Since the id® norm is invariant under the following scaling transform 

1 


/ 


Ai- 


Ad 


we may assume without loss of generality that i? = 1. 

Recall the following estimate (see Theorem 2, p 151, of 130], and the references 
given in this book, i.e [Him[55]) 

(B.l) < ll/l|iL«- 

Let X be a smooth compactly supported function on such that xA) = 1 on i?i. 
Then, applying (IB.II) to xf, we have 

II Iri/IIA'’ = II l-BiX/llirs 

< WxfWH^ 


< 




the last inequality coming from ||x/||^s < ll/llijs and the following estimate 

llx/llL^<llxll^ill/ll^^ <II/IIh.- 


□ 


Result B.2. Let 1 < s < |. Let R> 0. Let f G id®. Then 

lirR(/)||^. < ii/ii^., 

where again the implicit constant is independent of R> 0. 

Proof. One may write Tr(/) = lBRf{R) + By scaling (see proof of Result 

IbH) . we may assume that i? = 1. 

Recall that the Fourier transform of / is given by 

/(C) = A\^\)rf{r) dr 


f{r) ■= 


Therefore, choosing 


rfir), r > 0 

rf {-r), T < 0, 
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we have 


We have 






. Hence we are reduced to show that 

dW) df 


dW) 

< 

dl 

dr 

B“-i(R) 

dr 


Since (see again 


'■(-i.+i) 


dl 

dr 


< 


and taking into account that G 


, we are reduced to show that 


l/(l)l< 


dj 

dr 

l/(l)l< 


. But this follows from 


t 

d{rf) 

ds ^ 

d{rf) 

< 

dl 

lo 

dr 


dr 

LT^((0,1)) "" 

dr 




□ 


Result B.3. Let 1 < s < 3/2 and {f,g) £ Let a > 0. Then 

Iw* 

I wo 


hm WHTr - %)f, (1r, - 1bJ5)II«. = 0 

IX —^CT 


lim ||(Tr/, 1r3\_Bh5)|L« = 0 

R—^oo " ' II n 


Proof. We prove the first estimate, the proof of the second one is close and left to 
the reader. 

By Results IB. II and IB. 21 and a density argument, it is sufficient to prove this 
estimate for (/, g) G For such (/,g) we have obviously: 

hm WHTr - %)f, (1b, - 1bJ5)||^i = 0. 

j~c — y<T 

And the results follows since for s < s' < 3/2, 

ll((rB-r.)/,(iB,-iBj5)||^v 

is bounded independently of R by Results IB. II and IB. 21 □ 
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